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The topological structure of a binary tree is characterized by a measure called tree asymmetry, 
defined as the mean value of the asymmetry of its partitions. The statistical properties of this tree- 
asymmetry measure have been studied using a growth model for binary trees. The tree- 
asymmetry measure appears to be sensitive for topological differences and the tree-asymmetry 
expectation for the growth model that we used appears to be almost independent of the size of the 
trees. These properties and the simple definition make the measure suitable for practical use, for 
instance for characterizing, comparing and interpreting sets of branching patterns. Examples are 
given of the analysis of three sets of neuronal branching patterns. It is shown that the variance in 
tree-asymmetry values for these observed branching patterns corresponds perfectly with the 
variance predicted by the used growth model. 

1. Introduction. Natural branching patterns generally have common features 
in their shapes, notwithstanding the great variability in these shapes. In 
studying groups of branching patterns one is interested in the quantitative 
characterization of such common features, with the aim of searching for 
significant differences between groups, to detect effects of experimental 
conditions or to establish modes of growth. The question of which features 
most prominently define such differences is not trivial if the number of 
morphological features required to completely reconstruct the tree structure is 
large. Facing such questions with respect to the analysis of neuronal branching 
patterns (dendritic and axonal trees) we have split up the morphological 
features into metrical (spatial) and topological ones. 
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In this paper we will focus on the tree's topology (tree type), defined by the 
connectivity pattern of the segments in the tree (Van Pelt and Verwer, 1983). 
Topological variability in sets of natural trees is completely defined by the 
frequency of occurrence of the tree types. However, the number of different tree 
types increases rapidly with the size of the trees (number of segments). For 
instance, there exist about 10192 tree types with 500 terminal segments. 
Evidently, only a fraction of this number will occur in observed tree sets making 
tree-type frequency distributions not appropriate for statistical analysis. 
Alternatively, one may use a measure of tree topology, to describe the 
topological variability. Measures of tree topology can be defined in many 
different ways, dependent on the particular aspects of interest. Especially in the 
geomorphological and neuromorphological literature such measures have 
critically been evaluated (e.g. Werner and Smart, 1973; Jarvis and Werrity, 
1975; Uylings et al., 1989a; Van Pelt et al., 1989a; and Verwer et al., 1992). The 
last two studies have indicated that each of the evaluated measures is based on 
one of only three different ordering schemes of elements in a tree (bifurcation 
points and segments) i.e.: (1) the Strahler-ordering scheme with the branching 
ratio as main measure (e.g. Jarvis and Woldenberg, 1984); (2) the centrifugal 
ordering scheme with measures as mean order or maximal order, which is 
equivalent to the topological diameter; and (3) the ordering based on the 
partitions in a tree with the partition asymmetry and tree asymmetry as main 
measures (Verwer and Van Pelt, 1986). A partition is an integer number pair 
indicating the division of terminal segments over the two subtrees of a 
bifurcation point. Each of the three ordering schemes stresses different aspects 
of the tree's topology although they are not independent of each other. In the 
above mentioned studies the measures are compared on the basis of their 
ability to distinguish different tree types (i.e. having unique values for different 
trees). 

Using the third ordering scheme a tree can be represented by its tree partition 
set, being the set of partitions from all bifurcation points. Apart from the tree 
type itself, the tree partition set appears to be the most unique representation of 
the tree's topology with the tree-asymmetry measure as the most discriminative 
one (Van Pelt et al., 1989a). Important  for the ability to characterize common 
topological features in the tree shapes are the statistical properties of the 
measures, which must be studied on the basis of tree-type frequency 
distributions. For the analysis of geological (two-dimensional) channel 
networks (river patterns), Werner and Smart (1973) have evaluated the 
branching ratio and measures based on the centrifugal ordering scheme using a 
uniform distribution of (two-dimensional) tree types ("random topology 
model"). Jarvis and Werrity (1975) have used this uniform distribution to 
compare several measures on the basis of the Shannon information content. 
Horsfield et al. (1987) studied the branching ratio using their synchronous 
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growth model for binary trees. They showed how the asymptotic value of the 
expected branching ratio depends on the model parameters. Additionally, they 
relate the outcomes to those from the sequential growth model of Van Pelt and 
Verwer (1986). This model, indicated by its two parameters as the QS growth 
model and summarized in Section 3, describes growth as a sequence of single 
branching events. Van Pelt et al. (1989b) used the QS growth model in a 
detailed study of the mean-order measure (from the second ordering scheme). 
The expected values of both the mean and the variance of this measure 
appeared to correspond perfectly to those from observed neuronal branching 
patterns. 

Although measures of tree topology should primarily be sensitive for the 
connection pattern of the segments, their outcomes also depend on the size of 
the tree (the number of segments) or the degree (the number of terminal 
segments). The immediate comparison of trees of different sizes is then not at all 
trivial. Using growth models, the relation between trees of different size is 
implicitly defined by the growth rules and one can determine how the outcomes 
of a measure, calculated for a group of trees of equal size, depend on the size. 
Shreve (1966) showed for the "random topology model" that the branching 
ratio becomes asymptotically stable for large trees. Horsfield and Woldenberg 
(1986) demonstrated for both the random terminal and the random segmental 
growth model an oscillatory behavior of the branching ratio with decreasing 
amplitude for increasing size of the trees. Horsfield et al. (1987) showed how the 
asymptotic value of the branching ratio relates to the parameters in both the 
sequential and the synchronous growth model. Van Pelt et al. (1989b) fitted the 
parameters from the QS growth model on the observed data points in a plot of 
mean-order vs degree. This (regression) method can be used for any size 
distribution of the trees and has the advantage that the observed data set is 
finally described by only two (best-fitting) model parameters. However, the 
required use of a growth model including inherent assumptions may be 
considered as a disadvantage if only description is aimed at. A general rescaling 
principle to relate the expected centrifugal-order distributions or the expected 
partition distributions of trees of different sizes has unfortunately not been 
found. We found, however, in preliminary studies that the tree-asymmetry 
measure was surprisingly stable for a large range of degrees and under several 
model conditions. 

Because of the attractive properties of the partition ordering scheme and the 
tree-asymmetry measure we considered it worthwhile to study in detail the 
statistical behavior of the tree-asymmetry measure for the QS growth model. It 
is shown.that fhe expectation of the tree asymmetry strongly depends on the 
mode of growth. In contrast, the tree-asymmetry expectation and variance 
appear to be almost independent of the size of the tree. Only small trees show 
larger variance which rapidly becomes smaller with increasing tree size. An 
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analytical proof of the asymptotic stability could only be given for the random 
terminal growth model. The results for the other growth modes are based on 
sets of randomly generated trees. 

To exemplify the method a set of rat Purkinje cell dendritic trees has been 
analysed. The asymmetry values of these large dendritic trees indeed Show a 
high stability of the mean asymmetry per size class. The observed variance per 
size class also appears to correspond perfectly with the model predictions. 
Because of the minimal variance between the mean values per size class, the 
mean tree asymmetry for the whole set is an efficient descriptor for the 
topological structure of the whole tree set, without reference to any growth 
model and its implicit assumptions. This is of practical importance for the 
comparison of groups of trees. In a second example two sets of small dendritic 
trees from pyramidal and multipolar non-pyramidal cells are analysed. This 
example also shows stable mean values and a perfect agreement between the 
predicted and observed variances. 

The partition-asymmetry and the tree-asymmetry measures are defined in 
Section 2. Section 3 is dedicated to the statistical properties of these measures 
for the QS growth model. Section 4 describes the tests of the observed data sets. 
A discussion of the obtained results is given in Section 5. 

2. Topological Trees, Partition Asymmetry and Tree Asymmetry. The 
topology of a tree is determined by the connectivity pattern of its segments. 
Trees can then be identified by formal representations of such patterns, called 
tree types (Van Pelt and Verwer, 1983). The degree of a tree denotes its number 
of terminal segments. A tree with n terminal segments (degree n) has n - 1  
intermediate segments (and thus n - 1  bifurcation points) and in total 2 n - 1  
segments. We shall restrict ourselves to binary three-dimensional (3D) trees 
and will indicate the corresponding set of "3D" tree types of degree n by 
{~li  = 1 , . . . ,  N~}. The number of different "3D" tree types N~ is given by the 
recurrent expression: 

n 1 r n N~=~ [N~N~-r+(1-e(n))N~/2] with N ~ = I  (1) 
g 

(Harding, 1971). The quantity e(n) equals 0 for even n and equals l for odd n. A 
reasonable approximation for the order of magnitude is given by N~" ~ 2.4". For 
binary 2D trees, like rivers, a distinction can be made between "left" and "right" 
at bifurcation points, resulting in a larger set of "2D" tree types {z~'[ i = 1 , . . . ,  
N~"} (Shreve, 1966; Smart, 1969). The number of "2D" tree types is given by: 

N~" - 2n - 1 (2) 

(Caley, 1859; cf. Shreve, 1966). 
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The set {e} is the subset of tree types in {'c} which cannot  be transformed into 
each other by rotation of the subtrees at a bifurcation point. Henceforth we will 
refer to a "3D" tree type when using the term tree type. Each bifurcation in a 
binary tree corresponds to a pair of subtrees. The degrees of both subtrees, say, 
r and s, constitute a pair of numbers (r, s), called a partition. The sum of both 
numbers is called the degree of the partition. A partition will be indicated as 
(r, s) with r ~< s, or as (r, m - r) with m indicating its degree. Evidently, there are 
I-m/2] possible partitions of degree m, i.e. (1, m - 1 ) ,  . . . ,  (Ira/2], m - [ m / 2 ] ) .  
The symbol Ix] denotes the greatest integer, smaller than or equal to the 
number x. We will also use the notation m e for the greatest even integer, smaller 
than or equal to m. Thus, for the integer m we have mo=m-e(m) and 
[m/2] = m J2. In a tree of degree n, the root  segment will end in a partition of 
degree n, all other partitions will have smaller degrees. The number  of possible 
partitions in the range of degrees (2, 3, . . . ,  n) is equal to ~ ' = 2 [ i / 2 ] =  
( n 2  e(n))/4. This number  is smaller than the number  of tree types of degree n. 

2.1. Partition asymmetry. A binary partition of degree N can be considered 
as a division of N elements into two groups with N 1 and N 2 elements 
(N=NI +N2).  To indicate the deviation from an equal division we can use a 
normalized dispersion measure, say Ap, defined as Ap = D/Dma x, with value 
domain [0,1]. Here, D indicates a dispersion measure and Dma x its maximum 
value. For  the dispersion measure D we have chosen the absolute difference 
between both values, D = ]N 2 --N1] (Van Pelt and Verwer, 1986). The size of a 
binary tree can be expressed by the total number  of its segments ( 2 n -  1), by the 
number of its terminal segments (n) or by the number of its bifurcation points 
( n - 1 ) .  Any of these tree elements can be used for the calculation of the 
dispersion measure. For  the normalized dispersion measure, however, all three 
options give the same value. Expressing the partition as a division of terminal 
segments we obtain generally for the partition (r, m - r ) :  

m - 2r 
Ap(r, m - r ) -  m--2 ' if m > 2 ,  with r<<.m-r, (3) 

with the maximum dispersion occurring for the partition (1, m - l ) .  The 
normalized dispersion measure is not defined for m = 2 because D~a x = 0 for the 
partition (1,1). By definition, however, we take Ap(1,1)=0. The chosen 
normalized dispersion measure can be generalized to multifurcations, occur- 
ring in trees with branching points from which more than two subtrees emerge, 
and is called proportional sum of absolute deviations (PSAD) (Verwer and 
Van Pelt, 1986). For  bifurcations we shall denote the normalized dispersion 
measure as an asymmetry measure, having a value of 1 for the most asymmetric 
partition (1, m - 1 )  and a value of 0 for the symmetric one (m/2, m/2). 
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2.2. Tree asymmetry. Let e~ denote a tree with number  i from the set of trees 
of degree n. A measure for the asymmetry of the tree can be defined as the 
weighted mean value of all the n - 1  partit ion asymmetries in the tree as: 

1 n 1 n - 1  

~_,lWijAp(rij, sij), with w(c~')= ~ wij (4) At(an) - w(c~n) j= j=l 

indicating the sum of the weight factors for this tree. Here, the indexj  runs over 
all n - 1 partitions (rij , s~j) in tree ~ with n, r~j and sij indicating the degree of the 
tree and the degrees of both subtrees at partition j, respectively. The degree mij 
of partition j is equal to rnij = rzj + s~j. Each partition has a weight wij that still 
has to be defined. Several options for the weight factors will be investigated 
with the aim of obtaining a measure that is optimally sensitive for topological 
differences between trees. 

Option 1. All n - 1  partitions have equal weight factor, for example one. 
Then, the sum of weight factors is equal to n -  1 for any tree of degree n, and 
equation (4) reduces to: 

1 r t--I  

At(c~n) - n--  1 ~ Ap(rij' sij)" (5) 
j = l  

Option 2. One may argue that it is sufficient to sum only over the partitions 
of degree mij > 3 because the partitions of degree 2 and 3 are trivial ones, i.e. 
(1,1) and (1,2), and do not further discriminate between the tree types. Then, 
the weight factors will be defined as wij-- 1 if mij > 3 and wij-- 0 if mij ~< 3. The 
number  of (1,1) and (1,2) partitions in a tree of degree n depend on the tree type 
and the tree asymmetry will be defined on a varying number  of relevant 
partitions. 

Option 3. Additionally, one may argue that relevant partitions (m > 3) of 
different degree should have different weights because they are defined on a 
different number  of tree elements that has to be distributed over the two 
subtrees. For  example, the two subtrees in a partition of degree m contain m - 2 
bifuration points and we may therefore assign a weight ofm - 2 to a partition of 
degree m. 

Option 4. Finally, one may argue that in choosing how to distribute m -  2 
bifurcation points over two subtrees the first choice is trivial and only m - 3  
choices are meaningful. So as to say, there are m -  3 degrees of freedom and it 
makes sense to take m - 3  as a weight factor. 
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In Options 2, 3 and 4, the number of contributing partitions and the sum of 
their weight factors per tree depend on the tree type. An example of the 
asymmetry values for trees of degree 7, calculated according to the four 
options, is given in Table 1. Option 1, including the partitions (1,1) and (1,2), 
lets the tree asymmetry values range from a minimum of 0.2 up to a maximum 
of 0.833. The most asymmetric tree of degree 7 does not get an asymmetry value 
of 1 because the (1,1) partition has arbitrarily been defined as a symmetric one 
(i.e. has an asymmetry value of 0). For the most asymmetric trees of larger 
degree the effect of the single (1,1) partition will become negligible with respect 
to the other (1, m -  1) partitions and their asymmetry values will approach the 
value 1. Options 2, 3 and 4 exclude the (1,1) and (1,2) partitions and the most 
asymmetric tree indeed has an asymmetry value of 1. The most symmetric tree 
does not have an asymmetry of zero in all four options. Actually, a tree only has 
an asymmetry value of zero if all partitions in the tree are symmetric, which can 
only occur if the degree of the tree is a power of 2. The coefficients of variation 
(cv) in asymmetry values appear to differ only slightly between the four 
options, indicating an equal sensitivity of the measures for topological 
differences. This finding also holds for other degrees. The four different 
measures for tree asymmetry result in different rankings of trees, indicating that 
asymmetry is a relative concept specified only by the choice of the measure. The 
four options also result in measures with different ability to distinguish tree 
types. The number of unique values per degree is given in Table 2 and appears 
to be low only for Option 3. None of the options result in a measure that 
distinguishes all the tree types, as already has been shown for Option 2 by 
Uylings et al. (1989a) and Van Pelt et al. (1989a). In conclusion, Options 1, 2 
and 4 result in a measure that is sensitive of topological differences and may 
therefore be used. A final choice on practical grounds will be made for 
Option 1, as is discussed in the next section. 

2.3. Mean tree asymmetry in a set o f  trees. A set of trees can now be 
described by the distribution of the tree-asymmetry values, for instance, by the 
mean and variance. In averaging the tree-asymmetry values, however, one 
should also consider the use of weight factors. For instance, we may use the tree 
weight factor from the calculation of the tree asymmetry (i.e. the sum of the 
partition weights). In doing so, one obtains effectively a mean asymmetry value 
of all the partitions in all the trees: 

N N n i -  1 

' E w(~n0At(~n0 E ~ wijAp(rij, sl;) 
At(set) = i = 1  N _ - - i=1  J=IN 

i = 1  i = 1  

(6) 
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Table 2. Number of unique tree-asymmetry values per degree 

767 

Degree 

Option 1 2 3 4 
Number of m>l  m>3 m>3 m>3 
tree types w=l  w=l  w = m - 2  w = m - 3  

4 2 2 2 2 2 
5 3 3 3 3 3 
6 6 5 5 6 6 
7 11 10 10 11 11 
8 23 18 18 20 23 
9 46 38 40 32 44 

t0 98 70 78 48 93 
11 207 145 154 75 192 
12 451 266 298 108 409 
13 983 608 690 150 858 
14 2 179 950 1 105 207 1 782 
15 4 850 2 376 2 820 275 3 882 
16 10 905 4 339 5 300 369 8 243 
17 24 631 7 569 9 185 470 17 202 
18 56 011 15 660 19 666 597 37 031 
19 127 912 36 904 47 692 744 81 760 

m= degree of included partitions; w= weight per partition. 

for a set of  trees {c~7 i, i = 1 , . . . ,  N} with n i the degree of  tree ~i. Then ,  it makes  
no difference if the m e a n  a s y m m e t r y  in a set of  trees is ob t a ined  by immedia te ly  
averaging all the pa r t i t i on  asymmetr ies  in the set or do ing  it in two steps via the 
individual  trees. F o r  pract ical  purposes ,  however ,  it is no t  conven ien t  to work  
with a compl ica ted  scheme of  weight  factors.  Weight  factors  can be e l iminated 
if all trees have  equa l  weights.  This  is assured if: (1) the par t i t ions  in the tree 
have equal  weight;  (2) an equal  n u m b e r  of  par t i t ions  per  tree con t r ibu te  in the 
calcula t ion of  the tree a symmet ry ;  and  (3) the m e a n  tree a s y m m e t r y  is 
calculated for trees of  the same degree. The  first two requ i rements  are only  
realized in O p t i o n  1 for the defini t ion of  tree a s y m m e t r y  and equa t ion  (6) 
reduces to: 

1 M M n - 1  

At(setln) = ~¢ 2 At{e~} - 1 2 2 Ap(rij, sij) (7) 
i=x M ( n - 1 ) i = 1  j = l  

for a set of  M trees of  degree  n. Note ,  tha t  this choice differs f rom the one m ad e  
in the studies b y  Verwer  and  Van  Pel t  (1986), Uyl ings  et al. (1989a) and Van 
Pelt  et al. (1989a) in which O p t i o n  2 was used. Th e  e l iminat ion  of weight 
factors  for  trees of  equal  size also permi ts  the fo rmula t ion  of  a simple re la t ion 
between the expec ta t ion  of  tree a s y m m e t r y  and  par t i t ion  a sy m m et ry  as is 
shown in the next  sections. N o  choice has yet been m a d e  for weighing trees of  
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different size. To avoid any use of weight factors in practice we use equal 
weights and obtain finally: 

1 N 
At(set) = ~  E___2 At{enl}' with At{e~ ''} given by equation (5). (8) 

3. Growth Models, Expectations and Variances. The tree asymmetry 
expectation and variance is determined by the probabilities of the tree types. 
These probabilities have been obtained for the so called QSgrowth model (Van 
Pelt and Verwer, 1986). This model assumes that a tree grows via a sequence of 
branching events, one at a time. During a branching event one segment is 
divided by a branching point from which a new terminal segment protrudes. A 
branching event may occur at any segment in a tree with a certain probability. 
The branching probability of a terminal segment has been defined as Pt = C2 -s~ 
and of an intermediate segment as p i=Rpt .  The centrifugal order of the 
segment is denoted by 7, the parameter S defines the strength of the order 
dependency and the parameter R defines the ratio of branching probabilities of 
an intermediate and a terminal segment of equal order. The parameter 
Q = R/(R + 1) = Pi/(Pi + Pt) with value domain [0,1] is preferably used rather 
than R which may attain values in [0,oe]. The normalization constant C must 
be chosen such that the branching probabilities of all segments sum to one. The 
model describes random terminal growth if only terminal segments are allowed 
to branch (Q=O) without order-dependency (S=0).  The model describes 
random segmental growth if both terminal and intermediate segments are 
allowed to branch with equal probability without order-dependency (S = 0 and 
Q = 0.5). For a given model, each tree type will have a particular probability of 
occurrence and for each size of the trees (i.e. after a given number of branching 
events) a probability distribution of tree types can be obtained. Essential in the 
definition of the growth rules is that the development of a subtree is 
independent of its position in its parent tree. Any subtree pair will also develop 
independently of other subtree pairs. We may therefore consider a partition as 
a random variable and derive for any degree a partition probability 
distribution which describe the statistics of the partitions anywhere in the tree. 
For instance, the partition probability p(r, m - r )  denotes the probability that a 
partition of degree m is of the type (r, m - r ) .  These partition probability 
distributions are functions of the two free parameters Q and S. Additionally, 
the probability of occurrence of a tree type is simply the product of the 
probabilities of occurrence of the partitions in the tree and a factor of two for 
each occurrence of an equal-degree unequal-type subtree pair (Van Pelt and 
Verwer, 1985). Consequently, it is sufficient to know the partition probabilities 
for the calculation of tree-type probabilities which is advantageous because the 
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number of possible partitions is much smaller than the number of possible tree 
types (Section 2). Therefore, the partition probability distributions, calculated 
on the basis of the QS growth model, form the basis for the calculation of the 
tree-type probability distributions. In the following we implicitly refer to the 
QS model in the calculation of the probabilities and expectations. 

3.1. Partition-asymmetry expectations. The expectation of the partition 
asymmetry e{A;IQ, s}, o r  in short E{A'~}, of a partition of degree m can now 
be defined as: 

[m/2l [m/21 m - 2r 
E{Ap'}= ~" p(r, m--r)Ap(r, m-r)= Z p(r, m - - r ) - -  

r = l  r = l  m--2 

if m>2.  (9) 

For the trivial partitions (1,1) and (1,2) we have p(1,1)= 1, Av(1,1)=0 and 
p(1,2)-- 1 such that: 

E{A 2}=0 and E{A~}=I.  

3.1.1. QS growth model. In general, the partition probabilities are not 
available in closed form but have to be obtained by means of two coupled 
recursive equations (Van Pelt and Verwer, 1986). For several values of the 
model parameters Q and S, the expectations of the partition asymmetry have 
been calculated and are plotted vs degree in Fig. 1. The curves in Fig. 1 show 
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Figure 1. Expected values of the partition asymmetry, calculated for several growth 
models and plotted vs the degree in the range (4, 50) in the left figure and in the 
range (4, 800) in the right figure. Each curve is labelled by the values of the model 

parameters Q and S. 
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that the expected partition asymmetry strongly depends on the mode of 
growth. Asymmetric partitions are highly probable for Q-values near one, i.e. if 
branching occurs predominantly at intermediate segments. Symmetric parti- 
tions are highly probable for positive S-values and Q =0,  i.e. if branching 
occurs predominantly at low-order terminal segments. The expected values 
change with the degree in a stepwise pattern, which is most prominent at small 
degrees. In the Section 3.1.2 it is shown that this pattern is caused by the 
number of possible partitions per degree [m/2], that is equal for a successive 
even-odd pair of degrees. In the right figure it is shown that the expected values 
for the random terminal growth model (Q, S) = (0,0) stabilize rapidly at a value 
of 0.5. For all other growth modes the expected values appear to increase or 
decrease monotonously over the studied range of degrees. 

3.1.2. Random terminal growth model. An analytical result for the 
partition asymmetry expectation can only be obtained for the random terminal 
growth model (Q, S) = (0,0) for which we have: 

p(r, m - r ) =  (2-3( r ,  m-r) ) / (m-1) ,  with r<,m (10) 

(Van Pelt and Verwer, 1983). The Kronecker delta 8(r, m - r )  equals zero if 
r ¢ m -  r and equals one if r = m -  r. Inserting this equation into (9) we obtain: 

1 [m/21 
E{Ap} = (m-1) (m--2)  ~ (m--2r)(2-6(r, m-r) )  

r = l  

2 E,,/21 1 me (11) 
= ( m -  1 ) (m-2)  r ~  (m--2r) -- 2-- 1/[m/2] -- 2(m e -  1) 

for m > 2 and E{A 2} = 0. The value m e is equal to m for the even-odd number 
pair m and r e + l ,  explaining the stepwise pattern in E{A'~} in Fig. 1. 
Equation (11) has as limit: 

Lim E{A~} = 1/2 ,  (12)  

proving that for random terminal growth the expected partition asymmetry 
goes to 0.5 for large trees. 

3.1.3. Random segmental growth model. The partition probabilities for 
the random segmental growth model (Q, S)= (0.5,0) are described by: 

p(r, m - r ) =  (2--cS(r, m-r) )  N[N~-r . 
N" 

(13) 
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(Van Pelt and Verwer, 1983). For the expectation E{A~} we obtain: 

[m/2] NrN~ m-r m -  2r 
E{A~"}= Z ( 2 - f i ( r , m - - r ) ) - - - -  (14) 

r=l N m m--2 

Neither an analytical expression nor a limit expression for m--+oo could be 
obtained for this sum series. 

3.2. Tree-asymmetry expectations• The expectation E{At[Q, S} of the 
asymmetry of a tree of degree n for a particular growth mode (Q, S), or in short 
E{At}, is defined as: 

N=- 
E{At}= ~ p(e~)At(e~) (15) 

i = 1  

ifN~" denotes the number of topological tree types of degree n in the set {e~'[ i = 1, 
• . . ,  N~"} and p(e~') is the probability of occurrence of tree type e,". in this set• 
Inserting equation (5) into (15) gives: 

Nn 1 n~_~] 
E{At} = ~, p(g~) ~ Ap(r i j  , Sij ). (16) 

i = 1  j = l  

In this formula we have to sum over all partitions in all trees of the set of degree 
n. All partitions in a tree will have asymmetry expectations as given by 
equation (9) and shown in Fig. 1. 

As mentioned in Section 3, the probability of a tree for a particular growth 
mode is equal to the product of the probabilities of all its partitions, including 
correction factors for equal-degree unequal-type subtree pairs (Van Pelt and 
Verwer, 1985). The probability of the partitions in a tree, however, highly 
depends on the mode of growth. For instance, the model with (Q, S) = (0.8,0) 
results in a high probability of asymmetric partitions whereas the model with 
(Q, S)= (0,1) results in a high probability of symmetric partitions. Conse- 
quently, an asymmetric tree will occur with a high probability under the (0.8,0) 
growth model but with a low probability under the (0,1) model. Therefore, the 
asymmetry of a tree is a property that is indicative for the probability of 
occurrence of this tree for a particular QS growth mode. 

For the calculation of E{At} via equation (16) one has to sum over all the N~" 
tree types of degree n, being an unfeasibly large number even for medium-sized 
trees. The tree-asymmetry expectation E{At}, however, can also be expressed 
in terms of the partition-asymmetry expectations E{A~} via: 

E{At } _ 2 n - 1  ~ P(mln)E{A~}, (17) 
n - 1  m=2 
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reducing the summation to only n - 1  terms. The function P(mln ) denotes the 
probability that a uniformly random chosen segment in a tree of degree n, at 
random chosen according to the tree-type probability distribution, is of degree 
m. The derivation of this equation is given in Appendix A. 

3.2.1. QS growth model. The probability function p(m[n) is generally 
expressed by the recursive equation: 

1 II--1 
p(mln)-2n_l • p(r,n--r)(2r--l)(l+6(r,n--r))p(m[r) for m<n, 

P ~ m  

(18) 

with p(l[n)= n/(2n-1) and p(n[n)= 1/(2n-1) (Van Pelt and Verwer, 1984). 
The partition probabilities, required to solve equation (18) and to calculate the 
partition-asymmetry expectations are also only expressed in recursive 
equations, as mentioned in Section 3.1.1. Therefore, the tree-asymmetry 
expectations cannot generally be obtained in closed form. Only for the 
particular growth modes of random terminal growth (Q, S)=(0,0) and 
random segmental growth (Q, S)=(0.5,0) is the function p(m[n) explicitly 
known. 

3.2.2. Random terminal growth model. The probability function p(m[n) for 
this growth model is equal to: 

2/'/ 
P(mln)-m(m+l)(2n_l) for m<n and p(n[n)=l/(2n-1), (19) 

(Van Pelt and Verwer, 1984). Inserting equation (19) and the expected parti- 
tion asymmetry as calculated in equation (11) into equation (17) results in: 

E{A } - n 2 - n e / n  .o/2-1 1 i} (20) 
rl-l[2(   k=12 (k+l)(2k--1 ' 

as is shown in Appendix B. The general outcome for a finite series of the type in 
this equation can be expressed in terms of the Psi or Digamma function tp by: 

2 1 {UC(m+ l)-~(1)+UP(y/x+ l)-~(y/x+m+ l)}, (21) 
k=l k(kx + y) y 

(Hansen, 1975; Section 6.1.7). This equation can be reformulated by taking 
x--2, y = - 3 ,  ~ ( - 0 . 5 ) - ~ ( 1 ) = 2 ( 1 - 1 n 2 )  and using the relations 
• (m+O.5)=2u?(2m)-U~(m)-2 In 2 and ~(m+2)=UP(m)+l/m+ 1/(m+ 1) 
(Abramowitz and Stegun, 1965) into: 
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k = ~ ( k + l ) ( 2 k - - 1 ) = a  1 m m + l + 2 ( ~ ( 2 m ) + ~ ( m ) )  , (22) 

or, using the definition for the Digamma or Psi function • into: 

k=~(k+l)(2k 1) 1 - - - + 2  2 (l/k) . (23) -- m m + l  k=m 

Replacing m by n J 2 - 1  and inserting equation (23) into equation (20) we 
obtain 

E{At } 2n ~2--3_ne/n 2 "° } 
- + Z ( l /k)  . (24) 

3 ( n - l )  [4(n e - l )  ne k=,o/2 

No further reduction of this equation could be obtained. For large n, however, 
equation (20) reduces to: 

lim E{A~}=-- + 
,-~ 3 (k+ 1) (2k -  1) oe k = l  

__- 2 In 2=0.4621, (25) 
3 

(Hansen, 1975; Section 5.5.24), proving that the tree-asymmetry expectation 
for the random terminal growth model goes to a stable value for large trees. 

3.2.3. Random segmental growth model. The probability function p(mln ) 
for this growth mode is equal to: 

p(mln)= 2 2 ( n - m ) -  1 N~N~ '-m 
2 n -  1 N~ ' (26) 

(Van Pelt and Verwer, 1984). The expected tree asymmetry can be formulated 
using equations (14), (17) and (26) resulting in: 

E{A'~} - 
2 ~ 2 ( n - m ) -  1 

(n-- 1)N~ ,,=2 m--2 N~" - " 

[m/Z] 

{2--6(r, m-r)}N~N~-r(m- Zr). 
r = l  

(27) 

It was, unfortunately, not possible to study from this equation, analytically, the 
limit behavior of the expectation. 

3.2.4. Tree-asymmetry means and variances in sets of randomly sampled 
trees. Approximate values for tree-asymmetry expectations can be obtained 
from random samples of trees. A random tree of degree n on the basis of the QS 
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growth model can be obtained using the partition probability distributions in 
the following way. Take a random partition of degree n according to the 
partition probability distribution of degree n, resulting in, say, n(r, s). 
Subsequently, take random partitions of degree r and degree s according to 
their partition probability distributions, resulting in the partitions, say, r(t, u) 
and s ( v , w ) .  Repeating this sequence generates finally a tree 
n(r( t (  . . . .  ) u (  . . . .  ) ) s ( v (  . . . .  )w( . . . .  ))), that has been sampled with the correct 
probability for this growth model. This probability in its turn can be calculated 
as described in Section 3. Such a sampling procedure also gives an estimate of 
the variances in the tree-asymmetry values• For several growth modes we have 
created groups of 100 trees per degree and plotted the mean tree asymmetry 
and the lo- standard deviation interval per group for degree 4 up to 800 (Fig. 2). 
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Figure 2. Mean and standard deviation of tree-asymmetry values, plotted vs degree 
in the range (4, 800). The data are obtained by generating per degree a group of 100 
trees for four different growth models (see figures). The grand mean over the 79 700 
tree-asymmetry values per figure is plotted as a horizontal line and printed in the 

small box together with the grand SD value. 

As for the expected partition asymmetries, also the expected tree asymmetries 
appear to depend strongly on the mode of growth. It appears, however, that the 
expected tree asymmetries are very stable for the whole range of degrees for any 
growth mode. This is in contrast with the partition asymmetries whose 
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expectations were monotonously increasing or decreasing over the studied 
range of degrees, except for the random terminal growth mode. The variance in 
tree asymmetries is greatest for small trees but becomes readily smaller for 
increasing tree size and quickly tends to a rather stable value. In Table 3 are 
listed the grand mean and grand standard deviation (SD) of the tree- 
asymmetry values for four sets of trees of different ranges of degrees, with a 
group of 100 trees per degree. The first set consists of 79 700 trees in the range of 
degrees 4-800, the second set has 70 100 trees in the range 100-800, the third set 
has 9 700 trees in the range 4-100 and the fourth has 1 200 trees in the range 
4-15. Both the SD per group (i.e. per degree) and the SD in the group means 
contribute to the grand SD. The within-group SD is equal to the square root of 
the mean of all the group variances and represents the intrinsic variance caused 
by the random choices during growth of the trees. The between-group standard 
deviation indicates the spread of the group means around the grand mean and 
is a combination of the standard deviation in the mean per group and the 
degree dependency of the expected asymmetry value. For  all four degree ranges 
it can be concluded that the within-group SD plays a dominant  role in the 
grand SD. In fact, the between-group SD appears to be negligibly small in most 
cases, even if the restriction is made for small trees as in the 4-100 and in the 
4-15 degree set. The final conclusion is that, given the intrinsic SD, the tree- 
asymmetry expectations can be considered as independent of the degree. The 
standard deviation in the mean per group can be estimated for the set of trees in 
the degree range 100-800 to be 0.002 [ = standard deviation (0.02) divided by 
~/100] and appears to be equal to the between-group SD. That means that for 
such large trees the degree-dependency in the asymmetry expectation is 
approximately zero. An analytical proof for the asymptotic stability of the tree- 
asymmetry expectation has only been given explicitly for the random terminal 
growth model (see Section 3.2.2). The random tree sampling procedure allows 
us to calculate for each point in the Q-S parameter space the expected tree 
asymmetry. Connecting points of equal expectation results in a family of 
isoclines. The size-insensitivity of the tree-asymmetry expectations implies that 
these isoclines are also highly insensitive for the degree. This is shown in Fig. 3 
in which the tree-asymmetry expectations are calculated for degree 50, 200 and 
800. 

4. Test of Observed Data Sets. In a first example to illustrate the usefulness of 
the proposed measure, a sample of rat Purkinje cell dendritic trees (from R. 
Pentney) is used. The data set consists in total of 82 trees taken from four age 
classes (i.e. 1, 10, 18 and 28 months). A plot of the asymmetry of every tree vs its 
degree is given in Fig. 4a. The mean asymmetry of all the trees, calculated 
according to equation (8), is given by A (SD)= 0.494 (0.020). The best-fitting 
QS model, predicting tree sets with the same mean asymmetry, was found for 
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Figure 3. Families of isoclines, connecting points in the Q-S parameter space which 
give rise to equal tree-asymmetry expectations (see label at each isocline). Each 
figure is obtained by calculating for each point of a 41 x 41 grid on the parameter 
space the mean of the asymmetry values of 1000 (for degree n = 50) or 500 (for degree 
n = 200 and n = 800) randomly sampled trees of the indicated size. The three figures 

show that the isocline family is highly stable for the different degrees. 
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Figure 4. Plot of tree-asymmetry values vs degree for: (a) a set of 82 rat Purkinje cell 
dendritic trees provided by R. Pentney and M. J. Woldenberg; and (b) a set of 
simulated trees with the same degree distribution for the best-fitting growth model 
Q=0.11 and S = 0 .  The observed and the simulated tree set appear to have equal 

standard deviations. 

the model parameters Q=0.11 and S = 0 ,  resulting in a reduced chi-square 
value of 1.07. In searching the best-fitting model, we have restricted ourselves 
to a subspace in the Q-S parameter plane, i.e. the Q-axis (S = 0) and the positive 
S-axis (Q = 0). In previous studies it has been shown that this subspace gives 
rise to a full Jcange of tree-type probability distributions, while only a minor 
improvement in the fit could be obtained outside this subspace (Van Pelt et al., 
1986;1989b). Also Fig. 3 shows that on this subspace the tree-asymmetry 
expectation can adopt all values in (0,1). With the best-fitting model a 
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sample of random trees has subsequently been generated with the same degree 
distribution as observed. The asymmetry values of these random trees are 
displayed in Fig. 4b. The similarity between the asymmetry values of the 
observed and the randomly generated trees is striking. The correspondence 
between the mean values was expected because it was optimized for the best- 
fitting model. Especially the correspondence in the variance of the asymmetry 
values around the mean value and in the stability of the asymmetry values for 
different degrees is of major importance. Both the observed and the simulated 
data set have a standard deviation of 0.02. F rom these results it can be 
concluded that: (1) the variance in the data set is completely explained by the 
QS growth model; and (2) also in this set of natural trees the a symmet ry  
measure does not show any degree dependency. 

To test the consistency of this outcome we have also analysed this data set 
using the mean-order measure and have used the procedure described in Van 
Pelt et al. (1989b). The best-fitting QS model, predicting optimally the 
observed mean-order vs degree relationship, was found for the parameters 
Q=0 .11  and S = 0  and a reduced chi-square value of 0.91. Thus both 
procedures give consistent results. 

In a second example a sample of 443 pyramidal  (pyr) and a sample of 490 
multipolar non-pyramidal (mpnp) cell dendritic trees from the rat is used, from 
P. McConnell  and H. B. M. Uylings (Uylings et al., 1989b). For  both sets the 
averaged asymmetry values and standard deviations (SD's) per degree are 
plotted vs degree in Fig. 5a and b. The models that fit the asymmetry data  best 
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Figure 5. Plot of averaged tree-asymmetry values and SD's vs degree for: (a) a set of 
443 pyramidal (pyr) cells; and (b) a set of 490 multipolar non-pyramidal (mpnp) 
cells provided by P. McConnell and H. B. M. Uylings. In the same figures are 
plotted the expected tree asymmetries and SD's per degree for the best-fitting 
growth models with parameter values Q = 0 and S = 0.87 for the pyr set and Q = 0 
and S=0 for the mpnp set (continuous curves). The correspondence between 

observed and expected SD values is very good. 
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were found for the parameters Q = 0, S-- 0.87 for the pyr cells and Q = 0, S = 0 
for the mpnp  cells. In the same figures we have also plotted the expected means 
and SD intervals for these models. The figures show that the expected means 
and SD's correspond nicely to the observed ones. Additionally, we have 
simulated tree sets with the same degree distribution as observed and 
calculated the means and SD's which are given in Table 4. The grand SD's of 
the simulated sets appear to be in perfect agreement with those of the observed 
ones. 

Table 4. Mean asymmetries (SD) in observed and simulated tree sets 

pyr cells (n=443) mpnp cells (n=490) 
Observed Simulated Observed Simulated 

Q=0,  S=0.87 Q=o,  s = 0  
(10 sets) (10 sets) 

0.38 (0.22) 0.37 (0.21) 0.43 (0.26) 0.45 (0.26) 

5. Discussion. A tree-asymmetry measure for the topological structure of a 
binary tree is proposed as the mean of its partition asymmetries. This measure 
uses much of the structural information in a topological tree because it is able to 
distinguish, (i.e. attains unique values for) most of the different tree types in a 
set. In comparative studies of measures of tree topology (Uylings et al., 1989a; 
Van Pelt et al., 1989a) this aspect has already been quantified. The conclusion 
was that none of the evaluated measures was able to distinguish all the tree 
types, but that the tree-asymmetry measure has highest discriminative power. 
The present study has demonstrated that the outcomes of this measure have 
also very attractive statistical properties for the QSgrowth model that we used. 
Firstly, the expected value depends strongly on the mode of growth. Secondly, 
the expected value is almost independent of the size of the tree. Thirdly, the 
intrinsic variance, caused by the random choices of the branching segments 
during growth, decreases rapidly with increasing size of the trees and already 
becomes stable and small for medium-sized trees. These properties are 
important for practical purposes because: (1) a set of trees can be characterized 
by one single number (i.e. the mean tree asymmetry), irrespective of the sizes of 
the trees; (2) this single number is probably highly sensitive for the 
developmental history of the tree set; (3) different sets of trees can easily be 
compared statistically without reference to models with their implicit 
assumptions; (4) all the calculations are simple and the analysis does not 
require heavy computer support. When a data set consists of a group of very 
small and a group of large trees it is expected that the variance in the mean tree 
asymmetry will be dominated by those in the small trees. In comparing two of 
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such sets it may be worthwhile to split up the data sets in two size classes and do 
the comparison per size class. 

Model studies remain indispensible to interpret the mean and variance in 
observed tree asymmetries. Especially, if the observed variance deviates from 
the model predictions it may suggest that additional constraints or sources of 
variance were operational during development. 

Some critical remarks can be made. One may argue that the statistical 
properties arise under the used QS growth model while it is uncertain if they 
also arise under natural conditions. This remark is certainly true but the 
outcomes of the analysis of observed neuronal dendritic trees have been shown 
to agree with the QS growth model findings, especially with respect to the 
stability of the expected tree asymmetries and the predicted variances. 
Apparently, the assumptions made in the model are sufficient to explain all the 
variance in the data set. Nevertheless, it is meaningful to also study the tree- 
asymmetry measure under alternative growth rules. An alternative would be 
the random synchronous growth model, proposed by Horsfield et al. (1987), in 
which none, one, or more than one branching events at a time step are allowed. 
This is in contrast with the QS model which describes growth essentially as a 
sequence of single-branching events (sequential growth model).  

The analysis on the basis of tree asymmetries has been shown to give 
consistent results with previous studies using partition distributions and the 
mean-order measure. The use of the mean-order measure requires a growth 
model to interpolate the observed mean order vs degree relationship. The 
partition analysis requires a growth model to relate the partition frequency 
distributions of different degree. Both approaches therefore require consider- 
able computer calculations, while the group of observed trees is finally 
described by the best-fitting model parameters. The mean-order and the tree- 
asymmetry measure also differ in their variance properties. The SD in 
asymmetry values does not depend much on the mode of growth and is 
monotonously decreasing for increasing size of the tree, as is shown in Table 3. 
The SD in mean-order values, however, depends strongly on the mode of 
growth, as do the mean-order values themselves, and also increase with 
increasing tree size (Van Pelt et al., 1989b). In conclusion, the tree-asymmetry 
measure has attractive properties in comparison with other measures of tree 
topology. Therefore, it may play a valuable and practical role in descriptive 
studies to characterize a set of trees or to quantify structural changes which 
may occur during development or in experimental conditions. It may also be 
used in the evaluation of observed variances in terms of hypothesized growth 
rules (like the QS model, used in this paper). 

The partition asymmetry has been defined as a normalized dispersion 
measure for binary partitions. Natural trees, however, may contain "complex" 
branching areas where a parent segment seemingly gives rise to more than two 
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daughter segments. Observers may then find it difficult to interpret such an 
area as a sequence of bifurcations and conclude to have observed a 
multifurcation. For  the data sets used in this paper, however, the number of 
"complex" branching areas that could not be resolved in successive bifurca- 
tions was negligibly small. Nevertheless, subjective criteria may play a role in 
these reconstructions and it is an interesting question whether the tree 
asymmetry measure is sensitive for possible "arbitrary" choices in resolving 
"complex" branching areas. 

Alternatively, a multifurcation may be treated as an observed entity and a 
generalized dispersion measure for multifurcations, called PSAD (Verwer and 
Van Pelt, 1986) may be used. The PSAD measure is defined as the proportional 
sum of absolute deviations of the number of tree elements in the subtrees of the 
multifurcation. The statistical properties of the PSAD measure, however, can 
only be studied if explicit assumptions are made about  the developmental 
process leading to such multifurcations (Verwer and Van Pelt, 1990). If it can 
be assumed that the multifurcations arise because of merging of consecutive 
bifurcation points in a purely binary tree (e.g. by shrinkage of segments), it is 
possible to analyse such trees in the context of the (binary tree) QS growth 
model (Verwer and Van Pelt, 1985; 1990). If it is assumed that the 
multifurcations are generated inherent in the growth process itself, which is 
different from the QS model, the statistical behaviour of the PSAD must be 
studied under the proper model conditions. All these questions are part of 
current research. 
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APPENDIX A 

Proof that equation (17) is equal to equation (15). According to equations (15) and (5), the 
expected tree asymmetry is defined as: 

N~ HI__ ~ n - I  
E{At}= ~ p(c~) ~ A,(r,j, sii ). (a l )  

i=1 j = l  

The n -  1 partitiolas (rij, sij ) in tree a 7 are counted in an arbitrary order j = 1, n -  1, but may very 
well be counted according to their degree (mij=rij+ sij) as: 

N~ 1 , - i  ~ tm/2] 
E{At} = ~' P(C~7) n ~ l  ~ ~ ~ Ap(r, m--,r) 6(m,j, m) fi(r,3, r). (A2) 

i=1 j = l  m=2 r= l  
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The Kronecker deltas 6(mu, m) and 6(rij, r) ensure that the partition (r, m -  r) is counted only if 
rij = r and mu= m. We may interchange the summations and obtain: 

E{A~} ~ Lm/21 Ng p ( ~ ) , 1  fi(mij, m) (~(rij, r), = Z Ap(r, m-- r) Z n-- 1 j~=l 
m ~ 2  r = l  i = 1  - 

(A3) 

which can be written as: 

E{A2}= ~ t.,/2] ~, Ao(r , m--r)p(r, m--rln) (A4) 
m = 2  r = l  

if p(r, m-r[n) denotes the probability that a uniformly random chosen bifurcation in a tree of 
degree n, randomly chosen according to the QS model tree-type probability distribution, is of 
degree m and has a partition of the type (r, m - r ) .  Because the partition probability does not 
depend on the position of the bifurcation in the tree the probability p(r, m-r[n) can be written 
a s :  

p(r, m-rln)=p*(m[n)p(r, m-rim, n) (A5) 

ifp*(m I n) denotes the probability that a randomly chosen partition (or intermediate segment) in 
a randomly chosen tree of degree n is of degree m, defined by: 

p(~) ,@1 g~(miJ, m), p*(m[n)= i~-I n -  1 j~=l (A6) 

and ifp(r, m-rim, n) denotes the probability that a partition of degree m in a randomly chosen 
tree of degree n is of the type (r, m-r). Insertion in equation (A4) gives: 

E{Ar}= Z [m/2] Z Ap(r, m-r)p*(m[n)p(r, m--r[m, n). (A7) 
m = 2  r = l  

A basic property of the QS model is that the partition probability p(r, m-rim, n) does not 
depend on the degree of the tree (Van Pelt and Verwer, 1986). Showing the conditional degree m 
of the partition by the notation (r, m -  r), we have used the shorthand notation p(r, m -  r) for the 
partition probability p(r, m-rim , n) throughout this and previous papers. Equation (A7) can 
now be written as: 

[m/2l  

E{At"}= ~ p*(mln ) ~ Ap(r,m--r)p(r,m-r) 
m = 2  r = l  

and using equation (9) as: 

E{A~'}= ~ p*(mln)E{Ap}. (A8) 
m = 2  

The probability p*(mln ) is related to the function p(mln ) denoting the probability that a 
randomly chosen segment in a tree of degree n is of degree m via: 

2 n -  1 
p*(mln)=~_l  p(m n), with m > l ,  (A9) 

because a tree of degree n has 2 n -  1 segments and n -  1 intermediate segments (or partitions, or 
bifurcation points). Finally, we get: 
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E{Ag} - 2n -  1 ~ p(mln)E{A,~}" 
n-1  m=2 

783 

(17) 

APPENDIX B 

Proof of equation (20). For  the expected tree-asymmetry value we have: 

E{A~} 2n--1 
- n--1 P(mIn)E{A'~}" 

m = 2  

(17) 

Insertion of equation (19) for the function p(m]n) and equation (11) for the expected partit ion 
asymmetry for random terminal growth results in: 

= n ~ - i  2n(n~--1) I- =3 m(m+~im~--l) " 
(B1) 

The summation can be split into terms with odd m(m~ = m - 1) and terms with even m(rn~ = m) as: 

n¢ - 1 2n - 2 - ne "-a m~ _ m--  1 1 

m(m+l)(me--1 ) £ m(m+l)(m--2) I- ~ (m+ 1) (m-- 1) m = 3  m =  3 , 5 ,  . . m = 4 , 6 ,  . . 

and by replacing m by 2k + 1 for the odd-m terms and m by 2k for the even-m terms rewritten as: 

he~2 - 1 2 k  . -  1 - , , . /2  1 

(2k- l l (2k+l)(2k+2) t- ~ ( 2 k -  1) (2k+ t) k = 1 , 2 , . ,  k = 2 , 3 , . .  

and by combining both summations formulated as: 

,°/2 - 1 1 n - n e (B2) 
Y~ (2k-1) (k + l ) ~+n(n-2~5" k = l  

Insertion of equation (B2) into equation (B1) and combining terms finally results in: 

n ~ 2 -  ne/n , o / 2 - 1  1 t ( 2 0 )  

E { A t } = n - - - - ~ ( 2 ~ e ~ ] )  ½+ k : l  ~ ( 2 k - - 1 ) ( k + l i  " 
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