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Statistical properties of topological binary trees are studied on the basis of the distribution of 
segments in relation to centrifugal order. Special attention is paid to the mean of this distribution 
in a tree as it will be used as a measure of tree topology. It will be shown how the expectation of 
the mean centrifugal order depends both on the size of the tree and on the mode of growth in the 
context of modelling the growth of tree structures. Observed trees can be characterized by their 
mean orders and procedures are described to find the growth mode that optimally corresponds 
to these data. The variance structure of the mean-order measure appears to be a crucial factor in 
these fitting procedures. Examples indicate that mean-order analysis is an accurate alternative to 
partition analysis that is based on the partitioning of segments over sub-tree pairs at branching 
points. 

1. Introduction. The shapes of branching patterns show, like most natural 
objects, a great variability and its quantification is one of the important 
objectives in many scientific disciplines. This paper will concern the variability 
in topological properties of branching patterns. By ignoring all metrical 
properties, the branching pattern is reduced to a number of points (branching 
points and terminal points) and the segments between these points. The 
topological structure of a tree is defined by the number of its segments (its size) 
and the pattern of interconnection. A finite number of different connectivity 
patterns, called tree types, are possible for a given size. The study of variability 
in tree topology essentially concerns the frequency of occurrence of tree types. 
The number of different tree types, however, increases rapidly with the size of 
trees which makes a direct comparison of tree-type distributions unfeasible. 
Particular properties or measures of.tree topology have preferably been used 
rather than the tree types themselves (e.g. Jarvis and Werrity, 1975; Uylings et 
al., 1989). For instance, one may use the partitions in a tree, i.e. the divisions of 
the terminal segments by the sub-tree pairs at bifurcation points in the tree. 
Verwer and Van Pelt (1983) and Van Pelt and Verwer (1984) have shown that 
in partition analysis a drastic data reduction is obtained with only a minimal 
loss of information. Another tree property is the distribution of segments versus 
centrifugal order (order distribution). The centrifugal order of a segment (or 
just order) denotes its topological distance to the root segment. The segments 
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in a tree may be concentrated near the root, may extend far from the root or 
may show intermediate distributions determined by the size of the tree and 
the tree type. For the characterization of a group of trees one may calculate 
an averaged distribution by averaging the number of segments at equal 
order over all the trees. For instance, Sadler and Berry (1983) have used the 
averaged order-distribution to distinguish Purkinje cells from animals of 
different age classes. However, the trees in such age classes are usually not of 
equal size and the averaged distribution is then implicitly also dependent on 
the size of the trees. If one wants to separate the effects of size and of the 
segment's connectivity on the order distribution one should average per size 
class. Because of the relatively small variance in the size distribution of the 
Purkinje cells in an age class in the experiments of Sadler and Berry (1983), 
the "size" effect on the shape of the segments' distribution has probably been 
small. A complicating factor in the comparison of (averaged) order- 
distributions arises from the dependency between the classes, because in a 
binary tree a parent segment at a particular order is connected to two 
daughter segments at the next order (Verwer and Van Pelt, 1986). This 
problem is circumvented if the mean of the distribution is used rather than 
the distribution profile itself. A tree type is then represented by a single 
number. Because of the discrete nature of tree types, the mean-order 
measure, like any measure of tree topology, can adopt only values from a 
finite, discrete value domain. This is in contrast to the continuous value 
domain of metrical properties like length, angles and thickness. Triller and 
Korn (1986) used the mean order and the maximum order in a study of the 
topological structure of two groups of neurons. In particular, they plotted 
the mean and maximum order of each observed tree against the size of the 
tree and they applied regression with log-functions. The regression lines for 
both groups of neurons appeared to correspond very closely and the authors 
concluded that common principles of construction may underly the 
topological structure of neuronal branching patterns. Unfortunately, an 
erroneous scaling of the abscissa makes the constants in the regression 
function unfit for general use. 

The frequency of occurrence of tree types depends strongly on the mode of 
their growth. Different modes of growth will therefore produce different 
averaged order-distributions. Berry and Pymm (1980) have shown this by 
simulation studies of two hypothetical growth modes, i.e. random terminal and 
random segmental growth, assuming random branching exclusively at 
terminal segments or at all segments with equal probability, respectively. Van 
Pelt and Verwer (1986, 1987) were able to produce a complete range of 
distributions of segments by appropriate choices for the (two) parameters in a 
generalized growth model. The test of growth models may proceed by 
comparing expected order-distributions or expected mean-orders with 
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observed ones. For instance, Liao and Scheidegger (1968) have used the 
maximum, the mean and the standard deviation of the terminal-segment 
distribution in a study of branching patterns in hydrology. On the basis of the 
assumption that the topological types of 2-D trees occur with equal probability 
(random topology model, Shreve, 1966), they obtained the expectation values 
per size class for these parameters by means of Monte Carlo simulations. 
However, they did not discuss how to test the model outcomes with observed 
data. 

Summarizing, the mean order (as function of the order distribution in a tree) 
reflects the topological structure of a tree and may be a good basis for 
comparative studies. Its expected value for a sample of trees depends on the 
mode of growth such that it may be used in testing growth models. The mean 
order represents a tree type by a single number in contrast to the order 
distribution or the partition set and this aspect may be advantageous for the 
analysis of trees. For these reasons the mean-order measure will be studied in 
this paper by its general properties and its expected behaviour for different 
growth models. It will be shown how to characterize a group of trees of different 
sizes and how to test growth models as is illustrated by the analysis of dendritic 
and axonal branching patterns. Especially, its use is evaluated by a comparison 
with outcomes of partition analysis. 

2. Topological Trees and Centrifugal Order. The basic elements of a 
topological tree are points and segments. A binary rooted tree has terminal 
segments and intermediate segments ending in bifurcation points where two 
daughter segments arise. The degree n of a tree denotes its number of terminal 
segments. The tree has n -  1 intermediate segments and its size, denoting the 
total number of segments, equals 2 n -  1. In the following we shall frequently use 
the degree to identify a tree. The segments in a tree can be numbered by a 
centrifugal ordering system. The root segment has order zero and at each 
branching point the order of daughter segments increases with one (Fig. 1). 
The number of segments at each order is determined by the size of the tree and 
the connectivity pattern and thus by the tree topology. Tree types of equal size 
have different connectivity patterns but some tree types may have equal order 
distributions. The number of different order distributions is thus maximally 
equal to the number of tree types. Two extremes of order distributions exist 
for trees of a given size, one in which the segments extend to the highest 
possible orders (thin tree) and the other in which the segments are as close as 
possible to the root (compact trees). Note, that there is only one thin tree type 
(tree 1 in Fig. 1) but there may be several compact tree types (trees 5 and 6 in 
Fig. 1). Like the order distribution, also the mean value will show large 
variations for the different tree types, making it a sensitive measure for tree 
topology. 
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Figure 1. Centrifugal order assignments to the segments of the six trees of degree 6 
(terminal segments). The number of segments at each order are indicated. 

3. Mean Centrifuoal Order. Let ~" denote  a tree of degree n with s,(7) segments 
at order  7 and let ~,,, be the highest non-empty  order. The mean  order  ~7,(n) of 
tree ~" is defined as: 

1 7,n ~'m 

~7~(n)=2n_l  ~ 7s,(7) with ~ s , ( 7 ) = Z n - 1 ,  (1) 
~=0 ~=0 

because the tree has a total of 2 n -  1 segments.  

3.1 Thin trees. For  a thin tree of degree n we have s(0) = 1 and s(7) = 2 for 
7 = 1 , . . . ,  7,.. The highest possible order  in a thin tree is at 7,. = n -  1. The mean  
order  of a thin tree is thus equal to: 

1 . - 1  n ( n -  1) 
2 7 = - -  (2) 

•thin(n) - -  2 n -  1 r = 1 2 n -  1 

For  large n the mean  order in thin trees approaches n/2. 

3.2 Compact trees. In compact  trees the number  of segments double at each 
order. Only the highest order  may not  be completely filled. Up  to the highest 
order  we have 2 r segments in order 7 and in total 

Ym-- 1 

2 r = 2 r " - I  
~,=0 

segments.  The number  of segments in the highest order  then equals 
2n - 1 - (2 ~,-- 1) = 2 n -  2 r,-. The highest order  can be obtained by considering 
that  it certainly contains segments ( 2 n - 2  r,- > 0) but  may not  be completely 
filled ( 2 n -  2 ~,- ~< 2~,-). These inequalities can be rewritten as 7,. < 2log(n) + 1 
and 7,, ~> 2log(n), respectively. Considering that  7,. mus t  be integer, it follows 
that  7,, equals the smallest integer greater than  or equal to 2tog(n), denoted  by 
[2log(n)].  This proper ty  can also be formulated as 7, .= [ ( 2 l o g ( n - 1 ) J  + 1, if 
[xJ  denotes the greatest integer smaller than  or equal to x. An analogous result 
was obtained by Werner  and  Smart  (1973) for the min imum possible diameter  
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in channel networks. They defined the diameter as the largest path length 
(number of segments from the root to a terminal point). For the mean order in 
compact trees we can write: 

1 ( ' ~  72' + ?, ,(2n- 2',-)}. 
~e°mpae t (n)  = 2 n -  1 (3) 

The summation can be evaluated as follows: 

~m ' m  

2 72' = Y', 
, = 0  i = l  

' m  

=I; 
i = 1  

I;2'  E 2 ' -  i-'  = 2 2 ' ,  
y=i  i=1 L?=O ? = 0  

~'m 
{2 '"+i - -1- -2 i+1}=?m2 , re+l -  1; 2i=7m2"~+1--2'=+1+2, 

i = 1  

and finally we have: 

' rn  

1; 72'=211+2',-(?,,,-- 1)]. (4) 
~,=0 

Substituting this result into equation (3) gives: 

1 

f c ° m p a c t ( n )  : 2 n -  1 {211 + 2Vr"-- 1(?m--2)] + ?m(2n-- 2")} 

2 
-2n_l(1-2Vm+n?m) while ?m=['21og(n)-]. (5) 

If also the highest order is completely filled we have ?m = 21°g(n) and the mean 
order equals: 

2 2 
fc°mpact(n) - 2n-- 1 [1 --n+n" 2log(h)] - 2 n -  1 - -  [n(21og(n)--l)+l] ,  (6) 

and for large n we have: 

l im ~compact(n): 2log(n)- 1. 
tl---~ O0 

(7) 

3.3 Mean-order expectation values. Equations (2) and (5) show the different 
relationships between mean order and degree for the extreme tree types. Any 
other tree type will have a mean-order value between those of the thin and 
compact tree. For the averaged mean-order for a set of Ntrees of equal degree n 
with individual mean-order values Yi, i=  1 , . . . ,  N we have: 
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1 N 

7(n) = N i ~---1 fi(n). (8) 

Substitution of equation (1) gives: 

1 wN 1 ~" ~(n) Z ~si(~). ~ 2 n -  1 ' =  ~ ,=0 

Exchanging both summations results in: 

1 ~" 1 N 1 ~" 
- -  ~o ~ ~ Z s , ( ? ) - 2 n - 1  Z 7g(7), (9) •(n) - 2n - 1 r = i = 1 ~ = 0 

ifg(~) denotes the mean number  of segments at order 7 for a set of trees. Instead 
of calculating ~7(n) in terms of actual occurring trees, it can also be expressed in 
terms of probabilities of occurrence of trees. Let A " =  {aT]i= 1 , . . . ,  N~"} be the 
set of the N~" different tree types of degree n and let p(aT) be the probability of 
occurrence of tree a7 within this set. The expectation of the mean order in this 
set is then equal to: 

N," 
E(Yln) = ~ p(a7)~,(n). (10) 

i = 1  

Inserting equation (1) gives: 

E(~]n) = 
n- 1 N~ 

N,, 1 ,-1 1 Z Y Z P(~7)s~7(V) 
2 P ( ~ 7 ) ~  27s¢}(~)=2n_l ,=o ,=, 

i = 1  7 = 0  

1 n - -1  

- Z ~,E(s(~,)ln). 
2 n - i  ~,=o 

(11) 

Here, 

E(s(~,)ln) = y mT)s,~(~') 
i = I  

and denotes the expected number of segments at order 7 in a tree of degree n. A 
tree of degree n has 2 n - 1  segments thus 

n - 1  

E(s(7)ln)= 2n-  1. 
~,=0 

For  the maximal order n -  1 only the thin tree in set A" contributes with two 
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terminal segments to the expected value. In analogy to E(s(7)ln) we may also 
introduce the expected number of intermediate segments E(s,(7)[n) and of 
terminal segments E(s,(7)ln) at order y. We have: 

E(s(7)l n) = E(s,(y)ln ) + E(s,(7)l n) and 

E(s(7)ln) = 2E(s,(7-- 1)In), (12) 

because every intermediate segment at order 7 - 1 is connected to two segments 
at order 7. A direct relation between E(s(7)[n) and E(s,(7)[n) can easily be 
derived by repeatedly applying the equations in (12) resulting in: 

-- 2 -kg(s,(k)ln)]. (13) X A 

A tree of degree n has n -  1 intermediate and n terminal segments thus: 

n - 1  n - 1  

L E(s,(7)l n)= n-- 1 and ~ E(s,(7)ln) = n. 
~= o  ~=0  

Additionally, we may define the expectation of the mean order of intermediate 
segments E(f~iln) and of terminal segments E('~ttn ) as: 

1 . - 1  1 " - 1  
E(Shln) n--1 ~ 7E(s,(7)ln) and E(y*ln)= n Z 7E(s,(~,')ln)" (14) 

~=0  ~ = o  

The expectations E(~]ln), E(7,[n) and E('~tln ) are related by: 

E(Yln) - n-- 1 n 2 n -  1 E(~iln) + ~ E('Ttln)' (15) 

as can be shown by substituting equations (12) and (14) into equation (11). A 
direct relation exists also between E(~ln) and Eff,,]n) and between E(~ln ) and 
Eft@). For instance, using equations (11), (12) and (14), we obtain: 

1 "-a l "~x  ? E(s(? - • ?E(s(7)ln)- +1)In) 
E(Y'ln)-- n ,=o ~=o 2 

2n-- 1 
n 

2n-- 1 
n 

2 n -  1 

2n 

1 
- -  E(~ln) -- ~n n 

n - 1  1 n - 1  

(7 + 1)E(s(? + 1)In) + 2nn ~ o  E(s(? + 1)In) 
"~=0 = 

2 n -  1 
E(y[n) 2n E(~[n) + - -  

2 n - 2  
2n 

1 
- -  EE(f]n)+ 1] 2n" (16) 
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We can also write: 

g( ln) _ 2n(g(f, , ln)- 1) + 2 
2n-- 1 (17) 

In a corresponding way, it can be shown that: 

2n-- 1 
E(~ln) = 2(n-- 1) E(~ln)-- 1 or E(Yln) - 2(n--2n_ 11) (E(~[n)+ 1). (18)  

4. Order Distributions and Growth Models. The quantification of the 
variability in the topological structure of trees essentially implies the 
determination of the frequencies of occurrence of topological tree types. 
Theoretical studies have shown that the probabilities of occurrence of trees 
strongly depend on the mode of growth (e.g. Harding (1971), Hollingworth 
and Berry (1975), Dacey and Krumbein (1976) and Van Pelt and Verwer (1986) 
for sequential growth models and Horsfield et al. (1987) for synchronous 
growth models). These models offer also the possibility to test the model 
predictions against the frequencies of observed tree-types. The use of 
appropriate measures in these tests is essential and we will therefore study the 
order distribution and the mean order also within the context of these growth 
models. In particular, we shall use the generalized sequential parameter model 
of Van Pelt and Verwer (1986) because it encompasses by its parameterization 
the particular sequential models of the mentioned authors. This so-called Q - S  
growth model defines the branching rules of the segments in a tree as: (1) a 
branching event is defined as the division of a segment into two segments by a 
branching point from which a new terminal segment protrudes; (2) growth is 
considered as a series of branching events, one at a time; (3) a branching event 
may occur at every segment in a tree with a certain probability; (4) the 
branching probability of a terminal segment has been defined as Pt = C" 2 -s~ 
and of an intermediate segment as Pi = R. Pt (Van Pelt and Verwer, 1986). The 
parameter 7 denotes the segment order, S defines the strength of the order 
dependency and the parameter R defines the ratio of branching probabilities of 
an intermediate and a terminal segment of equal order. The parameter 
Q = R/ (R  + 1)= pJ(pi + Pt) with value domain [0, 1] is preferably used rather 
than R which may have values between 0 and ~ .  The normalization constant C 
must be chosen such that the branching probabilities of all segments sum to one 
to ensure that only one segment branches at a time. The probability of any tree 
type can be calculated on basis of these growth rules (Q-S  model). If the order- 
dependence is removed (i.e. S =  0) the model reduces tothe so-called Q-model. 
If branching is only allowed for terminal segments (i.e. R = 0 or Q = 0) the 
model reduces to the so-called S-model. For instance, for Q = 0.5 (R = 1) and 
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S---0 we have a mode of growth with equal branching probabilities for all 
segments, corresponding to the random segmental growth model. For 
(Q, S) = (0, 0) we have branching of exclusively terminal segments with equal 
probabilities (random terminal growth). For (Q, S)=(0,  1) the branching 
probability of a terminal segment at a particular order is twice that of a 
terminal segment at the next higher order. 

The probability of a particular tree can also be expressed in terms of the 
probabilities of all its partitions (Van Pelt and Verwer, 1985). It is therefore 
sufficient to calculate the partition probabilities instead of a much larger 
number of tree-type probabilities as outcome of the growth model. Also the 
mean-order expectation value should preferably be expressed in terms of 
partition probabilities rather than following equation (10) that is based on 
tree-type probabilities. A recursion for E(s(7)[n) can immediately be formu- 
lated. A tree of degree n has a probability p(r, n-r[Q, S) to have first-order 
subtrees of  degree r and n - r  with a value determined by the Q-S growth 
model. The expected number of segments at order ~, in the nth-degree tree 
equals the sum of the expected number of segments at order ~ -  1 in its two first- 
order subtrees and thus: 

[n/21 

E(s(v)ln) = Z p(r, n-rlQ, S) [E(s(v-  1)[r) + E(s(7- Din- r ) ] ,  
r = l  

(19) 

for n > 1 and V > 0. With E(s(O)ln ) = 1 for n > 0, the recursion in equation (19) 
and the partition probabilities p(r, n-r[Q, S), the expectation values E(s(7)[n) 
can be calculated for any Q-S model. Examples of the order distributions are 
given in Fig. 2 for (Q, S) = (0.8, 0), (0.5, 0) (0, 0) and (0, 1) and for several 
values of the degree n. The expected number of segments per order may vary 
considerably by appropriate choices for the mode of growth. A small number of 
segments for the whole range of orders is expected for (Q, S) = (0.8, 0) (Fig. 2a). 
The growth mode (Q, S)=(0,  1), on the contrary, predicts trees with a 
concentration of segments at 10w orders which are (almost) completely filled 
(Fig. 2d). The mean of each order distribution also relates to the degree n in a 
growth-mode dependent way as is shown in Fig. 3. The curves in Fig. 3 are 
obtained by calculating for each degree the expected mean-order via 
equations (11) and (19). The curves in Fig. 3a are calculated for several values 
of the parameter Q with S taken zero (Q-model). The curves for compact and 
thin trees are included to indicate the total range of mean-order values and are 
calculated by means of equations (2) and (5). The set of curves shows that the 
Q-model is able to produce tree sets with expected mean-orders in a large range 
between compact and thin trees, bounded by the values for the "thin trees" 
(Q = 1) and by the values predicted for terminal growth (Q = 0). The Q-model is 
not able to predict sets of trees that have on the average more segments at low 
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order. The gap between the "terminal growth" curve and the "compact  tree" 
curve can be filled by assuming positive values for the parameter S (Fig. 3b). 
Apparently, the sequential growth model only predicts sets with (nearly) 
compact trees if the branching probabilities are assumed to be order dependent 
with dominant  branching of low-order segments. Although the chosen 
parameter values represent only a part  of the Q - S  parameter space (i.e. the Q- 
axis and the positive S-axis), they are able to produce a full range of order 
distributions and mean-order curves. The results of other parameter values 
appear to closely resemble one out of this range and for ease of description we 
shall therefore consider only this restricted area in the model parameter space. 
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Figure 2. Expectation values for the number of segments vs centrifugal order, 
calculated for four different values of the growth-model parameters Q and S. Each 
sub-figure contains five successive order-distributions calculated for trees of degree 
n = 20, 40, 60, 80 and 100, respectively. (a) A rather fiat distribution, extending up to 
high orders, is produced by growth mode (Q, S) = (0.8, 0) indicating that elongated 
trees with few segments per order have a high probability of occurrence. (d) The 
power of two shaped rising part of the curves indicates that most orders are 
completely filled. Thus, compact trees have high probability of occurrence for the 
growth mode (Q, S)= (0, 1). (b) The order distributions for random segmental 

growth and (c) for random terminal growth show transitional shapes. 
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Figure 3. Expectation values of the mean centrifugal order in trees as function of the 
degree. The curves are calculated for several values of the growth-model parameters 
Q and S with (a) parameter S taken zero and (b) parameter Q taken zero. The curves 
for both thin and compact (comp.) individual trees are also plotted to indicate the 
extreme cases. The non-smoothed compact-tree curve shows the "filling effect" of 
the highest order. Note that the set of curves in (b) are positioned between the lowest 

two curves in (a). 

5. Numerical Calculations. Unfortunately, we did not succeed in formulating 
the order distributions in general closed expressions. For specific growth 
models, however, more direct formulae could be obtained. 

5.1 Random segmental growth. A closed expression has only been found for 
the random segmental growth model (Q = 0.5; S =  0). This model results in the 
same tree-type probabilities as the random topology model (Shreve, 1966). For 
this model, Werner and Smart (1973) have shown that: 

2 r ~ + 1  - - 
E(s(y)ln)_N(n)2nST__l (2n ~ 1) with N(n)-  l ~  . (20) 

This equation describes the curves in Fig. 2b for (Q, S ) =  (0.5, 0). Werner and 
Smart (1973) also present a formula for the expected value of the total path 
length of terminal segments to be 2 z("- ~)/N(n). Realizing that the path length of 
a segment includes the segment itself and thus is equal to the centrifugal order 
plus one, the total path length of terminal segments can also be expressed as 
n. (E(~tln) + 1) and using equation (17) it follows that: 

22n - 1 

E(~[n) = ( 2 n -  1)" N(n) - 2. (21) 

5.2 Random terminal 9rowth. For random terminal growth (Q = 0; S = 0) it 
was possible to derive a simple recurrent relation. Random terminal growth 
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implies branching of exclusively terminal segments, each one with equal 
probability. Any segment in a tree then maintains its order during growth of the 
tree. The number of segments at order y only increases (with two segments) ifa 
terminal segment at order y - 1 branches. A tree of degree n -  1 has an expected 
number of E(st( T -  1)In- 1) terminal segments at order ? -  1 and each terminal 
segment has a probability of 1/(n- 1) being selected as the branching segment. 
Thus: 

1 
E(s( ,)ln ) = E(s( ,)ln - I ) + 2E(st( ~ - I)1 n - I )  n - I "  (22)  

Using equation (12) we get: 

E(s(DI n) = E(s(y)ln - 1) + 

and finally: 

n-12 { E(s(y-1)ln-1) E(s(y)ln-l!}2 ' 

n--2 2 E(s(?)[n) = ~ E(s(?)ln- 1) -t- E(s(y- 1)In- 1), (23) 
1 n l 

with y > 0 and E(s(O)ln) = 1. 
A concise expression could be derived by working out the scheme of E(s(v)[n) 

values that is obtained by repeatedly applying the recursion of equation (23), 
resulting in: 

X E(s(v)ln)_n~ 1 k~-2 with ~,>0 and n > l .  (24) 

The symbol mI~ denotes the sum of inverse products of all combinations of k 
unique integers in the integer interval I-m, n-I. For instance: 

1 1 1 1 
2 1 3 5 - - - -  + + 

2-3.4  ~ ~ - ~ 3 . 4 . 5 "  

Especially, we have: 

1 1 1 
m n 1 1 = - +  + . . .  + - ,  (25) 

m m + l  n 

and: 

1 ( m - -  1)! 
m . = (26)  I n - m +  1 m.(m+l) ' (m+2) . . .n  n! 

An alternative recursive relation for the calculation of the order distribution of 
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terminal segments in the case of random terminal growth has been described by 
Ley et al. (1986): 

E ( s , ( 7 + l ) l n )  2~ 1 . 1-- = - -  - P(~,k)" (27) n P(~+I,.) while P(~+l,,) n - 1  k=~ 

The order distribution of segments can subsequently be calculated using 
equation (13). An expression for the expectation of the mean order in trees, 
grown by random terminal branching could be obtained from the work of 
Vannimenus et al. (1984). They studied the diffusion controlled process of 
cluster growth on the Cayley tree and showed that it is equivalent to the Eden 
model where growth occurs at any boundary site with equal probability. In this 
Way it corresponds to our model of a growing tree via branching of randomly 
chosen terminal segments. Vannimenus et al. (1984) were interested in the size 
of the cluster, the number of particles at a certain level and the mean level of the 
particle distribution. To this end, the authors also had to study a recurrent 
relation, analogous to the one in equation (23). Their results can easily be 
adapted to growing trees by realizing that there is a one-to-one correspondence 
between particles in the cluster and branching points (and thus intermediate 
segments) in the tree. For the mean order of intermediate segments we then 
have: 

Eft, In) = 2 n n - -  1 [~0(n) + ~Eu~o,] - 2 , (28)  

and for large n we have: 

Eft/In ) ~ 2[In(n) + 7E.IJ -- 2, 

(Vannimenus et al., 1984) where ~(n) is the digamma function and VEuler is 
Euler's constant (VEule,=0.5772 . . . ) .  

By means of equations (18) and (28) we get for Eft[n) for terminally grown 
trees: 

2 {2n"~l  1 } 
Eft[n)= 2 { 2 n [ q J ( n ) + V E , ~ j _ 3 ( n _ l ) } _ Z n _ l  ~--3(n--1)  , 

2n-- 1 k=x 
(29) 

(Abramowitz and Stegun, 1965) and for large n we get: 

2 { 2 n [ l n ( n ) + V E u i o r ] _ 3 ( n _ l )  } (30) E(~7[n) ~ 2n-- 1 

(Abramowitz and Stegun, 1965). 
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6. Approximate Analytical Functions. The mean-order vs degree curves in 
Fig. 3 are obtained by calculating the expected order-distribution and mean 
order for any degree. For practical applications, however, it is highly desirable 
to have a closed expression for the functional relationship between mean order 
and degree including the growth-model parameters Q and S. However, such an 
expression has only been obtained for random segmental growth. Therefore, 
we have studied analytical functions that approximate the calculated curves 
closely. We have found that the function: 

describes the mean order as function of the degree n for a given growth mode 
(Q, S) very satisfactory by appropriate choices for the coefficients A and B. 
These coefficients thus remain functions of the parameters Q and S. For 
terminal growth and large n, equation (31) is consistent with equation (30) 
because: 

nQ--1 
lim - -  - ln(n). 
Q~0 Q 

It is shown in Fig. 4 how precisely the function of equation (31) can describe 
mean-order curves for both the Q-model (Fig. 4a) and the S-model (Fig. 4b). 
The optimized values for the coefficients A and B for each curve are given in 
Table I. Unfortunately, we did not find an analytical expression for the 
coefficients A and B as functions of Q and S. The results must therefore be 
regarded as a start to obtain an analytical expression for Eft, In, Q, S) making it 
of practical value. 

7. Variances. The mean-order curves in Fig. 3 represent for any degree n the 
average of mean-order values of all individual trees in the set A", weighted for 
their probability of occurrence [equation (10)]. 

The mean order of individual trees may deviate considerably from these 
averaged values because in our probabilistic scheme any tree type has a non- 
zero probability of occurrence. To get an impression of the deviations of mean'- 
order values of individual trees from the calculated mean-order curves we have 
created a sample of trees by means of Monte Carlo (MC) simulations, one tree 
per degree, and plotted the mean-order values of all the trees vs their degree 
(Fig. 5). The spread of the simulated mean-order values appears to depend 
both on the growth mode and on the degree. It becomes very small if the curve 
approaches the extreme lines for compact  and thin trees, respectively. The 
shape of the distribution of individual mean-order values can be studied by 
creating a large sample of trees of equal degree via MC simulation. Figure 6 
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Figure 4. Plots of several mean-order vs degree curves for (a) the Q-model and for 
(b) the S-model. The crosses indicate the outcomes of the analytical equation (31) if 
the coefficients A and B are optimally chosen. These values are given in Table I. The 
plots show that the model curves are very accurately described by the approximate 

analytical equation. 

TABLE I 
Values for the Coefficients A and B that Optimize the Fit of the Analytical 

Function of Equat ion (31) to the Mean-order  vs Degree Model  Curves, 
Displayed in Fig. 4 

(Q, s) Thin (0.7, 0) (0.5, 0) (0.2, 0) (0, 0) (0, 0.1) (0, 0.4) Compact 

A 1 1.38 1.78 2.80 3.99 3.55 3.05 2.89 
B 0 0.22 0.74 2.13 3.64 2.53 1.56 1.91 

shows the frequency distribution of individual mean-order  values for samples 
of 10.000 trees of degree 10, 25, 50 and 100, obtained for growth modes 
(Q, S )=(0 ,  0), (0.5, 0) (0.8, 0) and (0.99, 0). Values for mean,  standard 
deviation (SD) and coefficient of variation are listed in Table II. The coefficient 
of variation depends on the mode  of growth, as expected, and also on the 
degree, although slightly weaker than the standard deviation does. 

8. Analysis o f  Observed Trees. Observed trees can be represented by their 
mean order and degree and a plot results in a scattergram. The variability in 
tree types can subsequently be expressed by the variances in both the degree 
and the mean-order  values. But, as has been shown, the averaged mean-order  
per degree depends on the degree in a way that is characteristic for the set of 
trees. Appropriate regression then allows for a separation between this 
characteristic relation and the residual variance in mean-order  values. The 
most educated approach is by using the model curves for the regression because 
the model predicts the relation between degree and expected mean-order  while 
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Figure 5. Mean order of individual trees, plotted vs their degree. The trees, one per 
degree, are produced by means of Monte Carlo simulations on basis of growth 
mode S=0 and: (a) Q=0.99; (b) Q=0.8; (c) Q=0; (d) Q=0.5. Note that the 
variance in mean-order values depends strongly on the mode of growth and 
increases with the degree in a growth-mode dependent way. Some model curves for 

the mean-order expectation values are drawn for purpose of reference. 

the residual variance only arises from the random choices for the branching 
segments during growth. 

The best-fitting model  curve will be found by a least-squares procedure, i.e. 
by minimizing the chi-square distributed quantity: 

N 

T=y  
i = 1  

{(7,-- E(fln~))/SD(n/)} 2 

The chi-square value Tis the sum over all N observations (trees) of  the squared, 
weighted differences between the mean order 71 of tree i (with degree ni) and the 
expected mean-order g(fln,) for trees of degree n i. The inverse expected 
mean-order standard deviation 1 / S D ( n i )  is used as weight. The goodness  of  fit 
can be calculated from the minimal chi-square value Tmi . ,  the number of  data 
points (trees) N and the number of  free parameters (par) in the model curve. 
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TABLE II 
Distributional Properties of Mean Order  of Trees Obtained by Monte 

Carlo Simulation (Fig. 6) 
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(Q, s) (0, 1) (0, o) (0.5, o) (0.8, o) (0.99, o) 

Degree Mean SD Mean SD Mean SD Mean SD Mean SD 

10 2.77 0.14 3.11 0.35 3.68 0.54 4.22 0.52 4.71 0.13 
25 4.02 0.10 4.77 0.49 6.91 1.30 9.44 1.59 12.08 0.55 
50 4.98 0.07 6.07 0.56 10.59 2.15 16.82 3.15 24.25 1.21 

100 5.96 0.05 7.42 0.59 15.79 3.46 29.94 5.91 48.42 2.52 

(Q, S) (0, 1) (0, 0) (0.5, 0) (0.8, 0) (0.99, 0) 

Degree Coefficient of Variation 

10 0.05 0.11 0.15 0.12 0.03 
25 0.02 0.10 0.19 0.17 0.05 
50 0.02 0.09 0.20 0.19 0.05 

100 0.01 0.08 0.22 0.20 0.05 

Most tables in the literature use the reduced chi-square value as entry that is 
defined as Tm~,/df. The number  of degrees of freedom (df) is equal to 
df= N - p a r .  A programme for calculating the goodness-of-fit can be found in 
Bevington (1969). 

In finding the best fitting model curve a problem arises because the model 
curves are not  available in analytical form. Each curve must  be calculated again 
for each value of the parameters Q and S. We have therefore calculated the chi- 
square values for only a limited number  of curves (Q = 0, 0 . 1 , . . . ,  1.0, and 
S =  0, 0 . 1 , . . . ,  1.0). A more  precise estimate of the second decimal in the model 
parameter  is obtained by interpolating the chi-square values by means of a 
cubic-spline function (Press et al., 1986). The minimum of this function gives 
the parameter  value for the best-fitting model. 

Like the model curve, also the expected standard deviations are unknown 
functions of both the model  parameters Q and S and the degree n (Fig. 6 and 
Table II). The expected SD's may  be obtained from computer  simulations, 
provided the growth model  is known. However,  the procedure was just applied 
to find the most optimal fitting model. A two-pass procedure may solve this 
problem. In  the first pass, the best-fitting model curve is searched on basis of a 
primary estimate of the standard deviations, taken proportional  to the mean 
order (constant coefficient of variation). The mean-order  SD's are then 
estimated for this model  by means of MC simulations for each degree that is 
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present in the original sample. In the second pass, these mean-order SD's are 
used to obtain a new best-fitting model curve. This procedure ensures that the 
final result is obtained with an accurate estimate of the weight factors. Even in 
the case of a "true" description by the model, the deviations of the actual 
observations from the model curve may by chance be smaller or larger than the 
expected SD's. Consequently, the reduced chi-square value may also be smaller 
or larger than one. 
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Figure 6. Frequency distributions of mean-order values. Each distribution is 
calculated for a set of 10,000 trees, obtained by simulating random trees according 
to a particular growth mode (Q, S). Each subfigure contains four successive 
distributions for trees of degree n = 10, 25, 50 and 100, respectively. Note that the 
figures have different scales. (a) Growth mode (Q, S)=(0.99, 0) results in 
predominantly thin trees and the mean-order values concentrate around the value 
n/2. Figures (a)-(d) show how the shape, the mean and variance of the mean-order 

distribution depends on the mode of growth. 

Alternatively, the mean-order SD's may be estimated by the variance in the 
data points themselves, which is only possible if the observed sample contains a 
sufficient number of trees per degree. For a perfect fit one expects that the 
squared distance between data points and model curve is equal to the variance 
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in the data points themselves. This means that the reduced chi-square value for 
a perfect fit has a minimum value of one. 

8.1 Example I of mean-order analysis. The first example will use dendritic 
trees of rat pyramidal (pyr) and multipolar non-pyramidal (mpnp) cells from a 
study of McConnell and Uylings (e.g. Uylings et al., 1983). The pyr set contains 
441 trees in the degree range 4-11, one tree of degree 13 and one of degree 14. 
The mpnp set contains 483 trees in degree range 4-10 and one tree of degree 11, 
12, 13 and 14, respectively. The averaged mean-order values and the standard 
deviations per degree are displayed in Figs 7c and d. The standard deviations 
are used for weighting the deviations of all individual mean-order values from 
the model curve in the calculation of the chi-square value. A best fit for the pyr 
set was found for the model Q = 0, S =  0.59 with a reduced chi-square value of 
1.00 (Fig. 7a) and a goodness-of-fit determined by a level of significance of 0.50. 
A best fit for the mpnp set was found for the model Q = 0 ,  S=0.19 with a 
reduced chi-square value of 1.01 (Fig. 7b) and a corresponding level of 
significance ,~ 0.50. A reduced chi-square value of 1.00 in these examples means 
that the deviations of the observed data points from the model curve are 
completely explained by the variance in the data points themselves. The model 
curve itself has not introduced any additional deviations. Therefore, we may 
conclude that the (Q, S)-model describes both the pyr and the mpnp data set 
perfectly. The observed averaged mean-order values and the expected ones for 
the best-fitting model curves are also given in Table III for comparison. 
Additionally, the expected SD's have been calculated by generating many trees 
(MC) according to these models. A comparison with the observed SD's shows a 
very good agreement indicating that also the observed variances are 
completely explained by the variance sources in the model, i.e. the random 
choices for the branching segments. 

Both sets of pyr and mpnp cells have also been analysed by means of 
partition analysis resulting in best-fitting model parameter values 
(Q, S) = (0, 0.58) for the pyr cells and (Q, S) = (0, 0.18) for the mpnp cells. The 
outcomes of the partition analysis and the mean-order analysis are in very good 
correspondence. Only complete basal dendrites ofpyr and mpnp cells (without 
cut segments) have been used for the present mean-order and partition 
analysis. In the experiments of McConnell and Uylings (Uylings et al., 1983), 
the group of pyr and mpnp cells consists of several sub-groups. In a previous 
paper (Van Pelt et al., 1986) these sub-groups have already been analysed 
separately by means of partition analysis in which only subtree pairs with cut 
segments were discarded. The mean of the best-fitting parameters at Q = 0 for 
all the sub-groups was calculated to be S =  0.65 ___ 0.11 (SEM) for the pyr sub- 
groups and ~'= 0.24 __ 0.09 (SEM) for the mpnp sub-groups. These results 
correspond also very well to the present outcomes. 
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Figure 7. (c) Averaged mean-order values of a set of 443 pyramidal (pyr) cell 
dendritic trees. The error bars indicate the standard deviations. Degree 13 and 14 
were only represented by one tree. Some model curves are included for reference. (a) 
Reduced chi-square values (circles), obtained from the comparison of the mean- 
order values of all the individual (pyr) trees with several model curves with Q = 0. 
The weights at each degree in the chi-square calculation are taken from the standard 
deviations in the data subsets themselves. The continuous line is a cubic-spline 
interpolation and its minimum gives the parameter value of the best-fitting curve, 
subsequently calculated and plotted in (c). Corresponding results for a set of 487 
multipolar non-pyramidal (mpnp) cell dendritic trees are displayed in (d) and (b). 

Degrees 11, 12, 13 and 14 were only represented by one tree. 

8.2 Example H of mean-order analysis. As a second example we have 
analysed retino-tectal axon terminal arbors from the peripheral, intermediate 
and central area of the tectum of the adult goldfish displayed in Figs 13-15 of 
Stuermer (1984). These data have already been used by Verwer et al. (1987) to 
illustrate the estimation of model parameters in the partition analysis. The 
degree and mean order of the observed trees are listed in Table IV. Best-fitting 
model curves for the three data sets have been obtained by means of the two- 
pass procedure and are displayed in Figs 8a-c for the peripheral, intermediate 
and central area, respectively. The results of both the partition analysis and the 
mean-order analysis are shown in Table V. The goodness-of-fit of the best- 
fitting mean-order model curves is illustrated by the levels of significance 
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TABLE III 
Comparison of Averaged Values and Standard Deviations of the 

Mean-Orders of Observed Trees and Model Predictions 
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pyr cells Q = 0  S=0.59 mpnp cells 

Degree no. Mean SD Mean SD no. Mean SD 

Q = 0  S=0.19 

Mean SD 

4 111 1.59 0.14 1.61 0.14 247 1.61 0.13 1.60 0.14 
5 105 1.87 0.15 1.89 0.17 139 1.92 0.18 1.95 0.20 
6 83 2.16 0.22 2.16 0.20 46 2.20 0.20 2.19 0.21 
7 64 2.36 0.19 2.36 0.21 30 2.45 0.26 2.47 0.25 
8 41 2.58 0.25 2.55 0.21 14 2.75 0.47 2.66 0.29 
9 19 2.76 0.17 2.71 0.21 5 2.80 0.29 2.85 0.29 

10 13 2.85 0.18 2.87 0.21 6 3.33 0.25 3.02 0.29 
11 5 2.97 0.18 3.00 0.20 

(P-values) and shows that the model gives statistically acceptable descriptions 
of all three samples. From the reduced chi-square values (1.06; 0.56; 0.39) can 
be concluded that the variance in the observed mean-order values is equal to or 
somewhat smaller than, but certainly consistent with the variance obtained 
from MC simulations of the Q-S growth model. There is also a good 
correspondence in the outcome of both procedures indicating that even for 
small samples of trees the mean-order and partition analysis give consistent 
results. 

TABLE IV 
Axonal Trees from Three Areas of the Goldfish 

Tectum (Obtained from Stuermer, 1984) 

Peripheral Intermediate Central 

Degree Mean order Degree Mean order Degree Mean order 

25 6.29 9 2.59 12 3.96 
30 6.83 10 3.05 15 4.55 
33 6.55 18 4.97 18 4.74 
34 10.08 19 4.92 24 5.32 
37 6.52 20 4.36 25 4.53 
40 9.53 27 5.02 32 6.31 
42 6.49 

The accuracy of the two-pass procedure has been tested systematically by 
applying it to sets of simulated trees. Seven trees per run were simulated on 
basis of the growth model (Q, S) = (0.40, 0), each tree with a degree, at random 
chosen from the interval [25, 40]. Subsequently, the two-pass procedure was 
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Figure 8. Mean-order values of trees from three sets of axonal branching patterns. 
The best-fitting model curves for these sets have been obtained by means of a two- 
pass fitting procedure (described in the text). The axonal branching patterns 
originate from (a) the peripheral, (b) the intermediate and (c) the central area of the 

goldfish tectum and are obtained from the work of Stuermer (1984) .  

used to find the best-fitting growth mode. The results of ten runs are shown in 
Table VI. The mean value of the estimated Q-values is equal to 0 .41_  0.02 
(SEM). The "true" model parameter value (Q = 0.40) is within the uncertainty 
interval, indicating that the two-pass procedure is accurate, without introduc- 
ing bias. The spread in Q-values illustrates to what extent samples of random 
generated trees for one particular growth mode may differ in their topological 
properties and how far the estimated Q-value for one sample may deviate from 
the "real" growth mode. The standard deviation (0.08) of the Q-value 
distribution of this test can be used as an estimate of the confidence interval for 
the outcome of the mean-order analysis of the P-area data set. Confidence 
intervals for the best-fitting model parameters for the/-area and C-area tree 
sets are obtained in a corresponding way (Table V, last column). 
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TABLE V 
Estimated 0-values by Mean-Order and Partition Analysis of Three Sets of 
Axonal Trees from the Goldfish Tectum, Obtained from Stuermer (1984). 

The confidence intervals for the Q estimates of the mean-order analysis (last 
column) are obtained by means of simulations (see text for explanation) 

and expressed as +__ SD (see also Table VI) 

Partition Analysis 
Verwer et al. (1987) Mean-Order Analysis 

No. of Reduced Conf. 
Area" trees Q Q chi-sq, df P-value -t- SD 

'P '  7 0.42 0.40 1.06 6 0.38 __ 0.08 
' I '  6 0.08 0.11 0.56 5 0.73 _____0.09 
'C' 6 0.24 0.20 0.39 5 0.86 ± 0.08 

TABLE VI 
Mean-order Analysis of 10 Sets of Simulated Trees (7 per Set) According to 

Growth Mode (Q, S) = (0.40, 0) 

Run 1 2 3 4 5 6 7 8 9 10 

0.48 0.27 0.38 0.38 0.45 0.31 0.45 0.45 0.53 0.35 
Reduced 0.83 1.12 0.69 1.14 0.50 1.62 0.07 0.87 0.53 1.26 
chi-square 

M e a n -  Q = 0.41; SD = 0.08; SEM = 0.02 

9. Measures Related to Mean Centrifugal Order. There is a one-to-one 
correspondence between centrifugal order and topological path length. The 
path from the root up to and including a segment of centrifugal order 7 has a 
length of 7 + 1. Werner and Smart (1973) have studied path lengths in river 
networks and they introduced mean pathlength and mean exterior pathlength 
as measures for network topology. Ley et al. (1986) use the term generation for 
the same concept as pathlength and they use the mean generation of terminal 
segments as a measure of topological structure in the analysis of microvascular 
networks. 

Jarvis (1972) introduced the E index as a measure of the topologic structure 
of dendritic drainage networks. The E index is defined as E =  E i nipi/E t ntp t. 
The numerator sums the product of degree (n~) and path length (Pl) of all 
intermediate segments and the denominator sums the corresponding products 
of all terminal segments. 
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According to its definition the E index not only incorporates the distribution 
of order but also of degree of the segments. The order- and degree-distribution 
of segments, however, are not independent of each other (Uylings et al., 1989) 
which makes the E index a less easily interpretable measure. This is further 
shown by rewriting the E index only in terms of the order distribution of the 
segments. It can be shown that for a tree a the E index can be written as: 

E= = (3~ + 72)/(27= + 4). 
m 

The mean squared order ~,2 of all segments arises in the definition because of the 
intermingling of two dependent distributions. 

10. Discussion. The order distribution of segments and the mean order 
appear to be sensitive topological measures of a tree, indicating its elongation 
with a compact and a thin tree as extremes. The mean order is therefore a useful 
measure for describing the topological variability in sets of trees. Because the 
mean order depends on both the size and the connectivity pattern of a tree it is 
important to separate these aspects, i.e. by averaging only the mean orders of 
trees of equal size. A sample of trees is then characterized by a size distribution 
andby  a particular relationship between the averaged mean-order values and 
size (or degree). These characteristics subsequently can be used for mutual 
comparison of different samples of trees or for testing growth models by 
comparison with model-predicted mean-order functions. In this paper, only 
the model approach has been worked out in detail and applied to two 
experimental data sets. It is described how the mean-order expectation values 
are obtained and are used in finding the best-fitting growth model by means of a 
minimum chi-square procedure. Of particular interest was the comparison 
with outcomes from a partition analysis on the same data sets because partition 
analysis provides currently in our opinion the most sensitive tool for the 
analysis of trees. On the basis of the analysis of the experimental data sets in this 
study we can conclude that both the mean-order analysis and the partition 
analysis give consistent results with respect to the best-fitting growth model. 
The mean-order analysis also allows the estimation of the confidence interval 
of the model parameter value by means of MC simulations. The usefulness of 
the (Q-S) growth model has further been confirmed by its ability to predict 
perfectly both the mean-order vs degree relation and the mean-order variances 
for the pyramidal and multipolar non-pyramidal cells in the first example. That 
means that the variability in topological structures of these branching patterns 
is completely explained by assuming a growth process, in which branching 
events occur at randomly chosen terminal segments. 

The question if the mean-order analysis is easier to apply than the partition 
analysis is difficult to answer. The mean order of a tree is a single-valued 
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measure and a plot of mean orders vs the size of the trees gives an immediate 
visual indication of the tree properties. Moreover, a qualitative interpretation 
in terms of growth models is possible by visual comparison with model curves. 
A quantitative analysis, however, requires computer assistance for the 
calculation of the model curves, (eventually) the estimation of the mean-order 
variances and the calculation of the minimum chi-square parameter values 
with their confidence intervals. The mean-order analysis would profit 
considerably from the availability of analytical expressions for the mean-order 
expectation values and the standard deviations as functions of the growth 
mode and size. A start has been made with this paper but further study is 
required. 

In partition analysis the tree is decomposed into all its partitions and looses 
by this its individul identity. A set of trees is then characterized by a number of 
partition frequency distributions, one per degree (Van Pelt and Verwer, 1984). 
These partition distributions do not allow a qualitative visual interpretation in 
terms of growth models. The quantitative analysis requires extensive computer 
assistance (Van Pelt et  al., 1986; Verwer et  al., 1987) although the procedure 
may be simplified by applying drastic lumping schemes (Verwer and Van Pelt, 
1986). On the other hand, the data reduction of trees into partitions involves 
only a minimal loss of information and the partition analysis may therefore 
serve as a reference for other analysis procedures. 

In conclusion, the mean order is an appropriate measure for the analysis of 
topological trees and mean-order analysis has some favourable aspects in 
comparison with partition analysis. Further study is ongoing to decide which 
measure of tree topology has optimal characteristics for the analysis of trees 
(e.g. Uylings et  al., 1989). 

We thank J. van Neerven for valuable suggestions and we are grateful to G. van 
der Meulen for making the photographs. 
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