
~ Pergamon 
Bulletin of Mathematical BiolofJy, Vol. 56, No. 2, pp. 249~73, 1994 

Elsevier Science Ltd 
© 1994 Society for Mathematical Biology 

Printed in Great Britain. All rights reserved 
009~8240/94 $ 6.00 + 0.00 

0092-8240(94)E0008-Y 
N E U R I T I C  G R O W T H  R A T E  D E S C R I B E D  BY 
M O D E L I N G  M I C R O T U B U L E  D Y N A M I C S  

• MARK P. VAN VEEN* and  JAAP VAN PELT 

Nether lands Inst i tute  for Brain Research, 
Meibergdreef 33, 
NL-1105 AZ Amsterdam,  The Nether lands 
(E.mail: bftvee@rivm.nl) 

A model is developed to describe neuronal elongation as a result of the polymerization of 
microtubules and elastic stretching of the neurites by force produced by the growth cone. The 
model for a single segment with a single growth cone revealed a constant elongation rate, while 
the concentration of tubulin in the soma rises, and the concentration of tubulin becomes constant 
in the growth cone. Extending the model to a neurite with a single branch point and two growth 
cones revealed the same results. When the assembly or the disassembly rate of microtubules is 
unequal in both growth cones, transient retraction of one of the terminal segments occurs, which 
results in complete retraction of the segment when the difference in (dis)assembly rate between 
the two growth cones is large enough. When the model is applied to large trees, a maximal 
sustainable number of terminal segments as a function of the production rate of tubulin appears. 
Mechanisms to stop outgrowth are discussed in relation to the establishment of synaptical 
contacts between cells. 

1. Introduction. Mature neurons are characterized by dendritic and axonal 
processes having a wide variety in shape. In many cases these processes exist of 
branched trees, which can be very elaborate, as in Purkinje cell dendrites [see 
Van Pelt et al. (1992)]. These neuritic trees retain their form because of a rigid 
cytoskeleton, consisting of three types of structures: microtubules, neurofila- 
ments and microfilaments (Riederer, 1990). Among these, the microtubules 
form the rigid, continuous internal core of neuritic trees (Bray and Bartlett 
Bunge, 1981), responsible for the conservation of their form (Hillman, 1988). 
Drugs disassembling microtubules cause a retraction of the neuritic tree 
(Yamada et al., 1970). 

The basic elements of the microtubules, tubulin dimers which consist of a ~- 
and a fl-tubulin molecule, most probably polymerize into microtubules within 
the growth cone (Bamburg et al., 1986): inhibition of tubulin assembly at the 
growth cone inhibits outgrowth of the growth cone. The highest rate of net 
polymerization of tubulin occurs at one end of the microtubules, the so called 
fast assembly or + end (Soifer and Mack, 1984; Black and Baas, 1989; 
Gordon-Weeks, 1991). Microtubuli have these fast assembly ends directed into 
the growth cones (Baas et al,, 1989), which is a further indication that net 
assembly occurs at the growth cone. 
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The mRNA for tubulin is restricted to the soma (Bruckenstein et al., 1990) 
and tubulin will only be produced in the soma. Further,  the half-life of tubulin 
mRNA is 1-2 hr (Cleveland et al., 1981), so it will not be able to reach the 
periphery of a neuron. Because tubulin is produced at the soma and used in the 
growth cones at the tips of the neuritic trees, the elongation rate of 
microtubules depends not only upon the rate of assembly, but also on the 
transport rate of tubulin. There has been a debate whether tubulin is 
transported in soluble or in polymerized form (Bamburg, 1988; Mitchinson 
and Kirschner, 1988). Studies showing that dissected growth cones continue to 
form a piece of neurite (Shaw and Bray, 1977), that assembled microtubules do 
not move (Okabe and Hirokawa, 1988; Lim et al., 1990) and that there is a 
large pool of unpolymerized tubulin in the growth cone (Letourneau and 
Ressler, 1984) favor the hypothesis that tubulin is transported in an 
unpolymerized form (Bamburg, 1988). Tubulin has been shown to be 
transported with the slow axonal transport component  (Dustin, 1978; Ochs, 
1984) at a speed of about 2 mm per day. 

The elongation of the microtubules by assembly of tubulin does not fully 
account for the total increase in length of the neurite. Neurites have been shown 
to be elastic structures, which are under tension (Bray, 1979; Dennerl et al., 
1988, 1989). Studies of Lamoureux et al. (1989) and Heidemann et al. (1990) 
point to the growth cone as the site at which a pulling force is generated. The 
elasticity of the neurite implies that the elongation rate of the cytoskeleton is 
not equal to that of the neurite (Van Veen and Van Pelt, 1992) and this 
discrepancy has to be taken into account when modeling neuritic elongation 
rates. 

During outgrowth of tissue cultured neurons the migration rate of the 
growth cone and, therefore, the elongation rate of the trailing neurite appear 
to be constant [e.g. Bray (1973), Haydon et al. (1987) and Van Veen et al. 
(1993)]. At a branch point, the elongation rate of the daughter segments need 
not be the same. Bray (1973) observed a daughter segment growing out 
from a branch point long after the segment was initiated. In addition to a 
different outgrowth rate, there is a considerable remodeling of neuritic trees 
during and after outgrowth by retraction and regrowth of parts of the neuritic 
tree (Liu and Westerfield, 1990; Cline, 1991), which causes a continuous 
change of the number and position of synapses on target cells (Purves et al., 
1987). 

In order to maintain a continuous cytoskeletal core to support neuronal 
form, the phenomena observed during outgrowth and remodeling have to be 
reflected in the cytoskeleton dynamics. Many studies have concerned 
themselves with the rate of polymerization of microtubules (Bergen and Borisy, 
1980; Hill and Kirschner, 1982; Soifer and Mack, 1984; Buxbaum and 
Heidemann, 1988, 1992), but the question of how tubulin transport, assembly 
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of tubulin into microtubules and elastic stretching of neurites interact in 
supporting the elongation of the neurite has never been posed. Yet, it is this 
interaction which is important for understanding neuronal outgrowth and 
remodeling. In this paper we propose a simple mathematical model for 
neuronal outgrowth in terms of the underlying cytoskeleton dynamics. The 
model we propose is able to account for the constant elongation rate observed 
in in vitro neurites, for retraction of growth cones and for "dormant" growth 
cones which are activated some time after their formation. 

2. Components of Model. The basic components of the model comprise the 
production, transport and (dis)assembly of tubulin and the elastic stretching of 
the neurite. 

2.1. Production at the soma. The production of tubulin in the soma is 
assumed to occur at a constant rate L The effect of changes in production on the 
outgrowth dynamics will be studied by changing the value of L Degradation of 
soluble tubulin is slow; a tubulin monomer  has a half-life of more than 30 hr 
(Cleveland et al., 1981). For simplicity, we will assume degradation to be 
absent. 

2.2. Transport. Tubulin is among the slowest transported elements in 
axonal transport (Ochs, 1984) with a speed of a few millimeters per day, 
comparable to the diffusional transport of macromolecules inside neurites 
[compare with Popov and Poo (1992)]. The concentration profiles of labeled 
tubulin after injection of a single pulse of labeled tubulin (Okabe and 
Hirokawa, 1988) look much like those found for diffusing macromolecules 
(Popov and Poo, 1992) or those expected from diffusion (Okubo, 1980). 
Further, experiments by Tashiro and Komiya (1992) and Hoffman et al. (1992) 
suggest that a large pool of soluble tubulin exists inside neurites. Hoffman et al. 

(1992) conclude from their experiments that the slow-component wave of 
active transport represents the movement of only a small fraction of tubulin in 
motor fibers. The concentration profiles and the soluble state of tubulin 
molecules suggest diffusion as the major mechanism for transport of tubulin. 
Such a role for diffusion does not necessarily contradict the unitary transport 
hypothesis, where in slow transport the transported compounds are thought to 
be actively transported along with the fast component  for only a small part of 
the time (Ochs, 1984). This leaves slow transported compounds in a soluble 
state for most of the time, and thus susceptible to diffusion. 

It has been argued that diffusion is not sufficient to carry tubulin to the tips of 
long neurites because movement by diffusion would be proportional to the 
square root of time [e.g. Black and Smith (1988) and Abroad et al. (1993)]. 
However, this notion is based on a solution of the diffusion equation where a 
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single pulse of particles is given at a certain position, and the movement of these 
particles is followed (Okubo, 1980). The concentration gradient of particles 
will fade out in time, and the movement of particles is slowed down. In the 
present model, however, there is production of tubulin at the soma and 
removal of tubulin by assembly at the tips. In contrast to the situation with a 
single pulse of particles, the existence of a source and one or more sinks of 
tubulin keep up the concentration gradient, and thereby the transport of 
material. 

In the classical approach to diffusion, the flux J of material at each point 
between soma and tip is given by (Okubo, 1980; Murray, 1989): 

dQ. 
J = - - D  dx (1) 

where Q is the concentration of soluble tubulin at position x and time t, and D is 
the diffusion constant. Approximating the concentration gradient per segment 
of the neurite by a constant value, the flux Jbecomes constant over the segment 
and is given by: 

J= --D (Q*- Qt) I (2) 

where Qr is the concentration soluble tubulin at the root, Qt is the 
concentration at the tip of the segment and 1 is the length of the segment. This 
simplification transforms position-dependent equation (1) into a position- 
independent equation, at the cost of not being able to describe local differences 
in the gradient within a segment. From the flux equation the equations 
describing the tubulin concentration at the two endpoints of a segment of the 
neurite can be derived: 

d (Q~-Qt) 
V~t  Qr= - A D  l (3) 

V d Qt = AD (Q~- Qt). 
dt l ' (4) 

where V is a small volume at the base and tip of the segment and A is the 
transsectional area of the segment. 

2.3. Microtubuleformation. Microtubules are polar structures with a fast 
assembly (or + ) and a slow assembly (or - )  end (Bergen and Borisy, 1980; 
Soifer and Mack, 1984; Black and Baas, 1989). Although interstitial exchange 
of tubulin has been shown to occur (Okabe and Hirokawa, 1988; Lim et al., 
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1990), the actual lengthening of microtubules is determined by assembly at the 
ends (Bamburg et al., 1986; Gordon-Weeks, 1991; Hill and Kirschner, 1982; 
Soifer and Mack, 1984). The + ends of the microtubules project into the 
growth cone (Baas et al., 1989, 1991) and neuritic elongation can be completely 
blocked by blocking assembly ofmicrotubules at the growth cone (Bamburg et 
al., 1986), suggesting that the net increase in length indeed takes place at the 
growth cone. We will assume that both assembly at the - end and interstitial 
assembly are negligible in comparison with assembly at the + end. Further, the 
assembly rate will depend on the concentration of free tubulin, while the 
disassembly rate will be determined by the, invariant, structure of the tip of a 
microtubulus. This suggests that the assembly/disassembly kinetics can be 
described by (Bergen and Borisy, 1980; Hill and Kirschner, 1982; Soifer and 
Mack, 1984; Buxbaum and Heidemann, 1992): 

l d  
(5) 

e dt  ' u = a ~ t - u ;  

where l u is the length of the microtubules, a is the assembly and b is the 
disassembly rate, and e is the length of a tubulin dimer. Although Hill and 
Kirschner (1982) and Buxbaum and Heidemann (1988, 1992) have argued that 
tensile forces on the microtubules are expected to change the rates, we will 
assume them constant [-as do Bergen and Borisy (1980) and Soifer and Mack 
(1984)]. Without experimentally induced changes of tension, the tension in a 
segment will converge to a constant value (Lamoureux et al., 1989) and will not 
affect the (dis)assembly rates. 

Also the dynamic instability behavior ofmicrotubules [-see Amos and Amos 
(1991) and Pryer et al. (1992)] is excluded from the elongation rate. There are 
two motivations for this decision. First, the stabilization of microtubules by 
microtubule-associated proteins reduces the dynamic instability behavior to a 
great extent (Lee and Rook, 1992; Pryer et al., 1992). Second, the elongation 
rate as defined in the above is 'an average over some period. Rapid changes in 
elongation rate, due to dynamic instability and microtubule sliding (Reinsch et 
al., 1991; Tanaka and Kirschner, 1991 ) are averaged out on a longer time scale, 
as used in the present model. 

2.4. Neuri t ic  elongation. The distance over which tubulin must be 
transported equals the length of the neurite. The elongatio n rate of the neurite 
will be unequal to the elongation rate of the microtubules [-given in equation 
(5)], because neurites have been shown to be elastic structures under tension 
(Dennerl et al., 1988, 1989). In order to find the stretched length of the neurite, 
an expression of the stretched neuritic length in terms of the unstretched 
microtubule length is needed. For simple elastics, the elastic force generated by 
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a neuritic segment with length l and unstretched length l o is given by (Buxbaum 
and Heidemann, 1988; Van Veen and Van Pelt, 1992): 

Fe EA(l-lo) . 
lo , (6 )  

where E is Youngs modulus and F e is the elastic force. 
At the outgrowing tip the elastic force of the neurite will be counterbalanced 

by the force generated by the pulling growth cone: 

Assuming that the force of the growth cone is constant and that changes in the 
elastic force, caused by growth of the unstretched length by elongation of the 
microtubules, are rapidly counterbalanced by changes in segment length, the 
stretched segment length is proportional to the unstretched length: 

The elastic force of the neurite will be only partially supported by microtubule 
stretching. Other elements, e.g. the actin cortex of the neurite, will also 
contribute to the elastic force, and will counterbalance Fg. Thus, we express 
stretched segment length I as a function of unstretched microtubule length l,: 

/ = ( ~ +  1)l ,=kl,;  (8) 

where p is the fraction of Fg counterbalanced by the microtubules and k is a 
constant. This equation also shows that segments with the same unstretched 
microtubule length l,, but with a different growth cone force F 0 will have 
different segment lengths. Of course, the stretched segment length l is always 
equal to the stretched microtubule length, accounting for a continuous 
microtubule skeleton in the neurite. The relation between I and lu holds for both 
stretched microtubules and compressedmicrotubules. Microtubuli compres- 
sion was put forward by Buxbaum and Heidemann (1988) and Dennerl et al. 
(1988). In case of stretching p > 0 and k > 1, while in case of compression p < 0 
and k < 1. 

3. Single Growth Cone. In order to study the interaction between produc- 
tion, transport, assembly and elastic stretching, the processes described 
separately in the previous section are brought together in a single model. In this 
section we will analyze a model for the outgrowth of a neuron with a single, 
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unbranched neurite and a single growth cone. The model can be constructed 
from the equations presented in the previous section: 

l d  
e dt l, = a Q t -  b 

v d ~ Q t = b - a Q t  + ~ l .  

d AD 
V dt Qr = I -  ~ (Q~ - Qt); (9) 

where all variables and parameters have already been defined in the previous 
section. The upper equation describes the (dis)assembly of tubulin into 
microtubules at the tip. In the middle equation the tubulin losses and gains 
from (dis)assembly appear in the first part and the concentration-based 
transport from the lower equation appears in the second part. In the lower 
equation, the production by the soma accounts for a constant input r a t e / ,  
while transport to the tip is proportional to the tubulin concentration 
difference between root and tip. 

The equations can be simplified by dividing all differential equations by V. 
All parameters can now be rewritten relative to this volume, denoted with an 
asterix, e.g. a*=a/V.  Also, the length of the microtubules has to be taken 
relative to Vand the scaling e can be included in the definition: l* = l,/(e V). The 
constant fraction AD/(ek V 2) can be replaced by a single parameter D*. With 
this reparameterization the system of equations (9) becomes: 

d 
dt l* = a * Q t -  b* 

d D* 
dt Q t = b * - a * Q t  +~fu (Q~-Qt) 

d D* 
dt Q~=I* - 

- -  j g -  ( Q .  - Q , ) .  ( 1 0 )  
l u 

3.1. Simplified linear model. To understand the transient behavior of this 
model from the initial values, let us assume l* to be constant during the inital 
part of outgrowth. Then, while dropping the • for simplicty from now on, the 
system of equations (10) reduces to a set of linear equations: 

d 
dt Qt = b - aQt + K(Q r - Qt) 

d 
dt Q" = I -  K(Q r - Qt); (11) 
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where K= D/l,, a constant. The singular point of these equations is given by: 

Q , = - l ( I + b )  
a 

I 1 
Qr = K +  -a (I-t-b). 

The eigenvalues of the homogeneous system are: 

21/2 = ½(-- 2K--a + ~/gK2 + a2); 

(12) 

(13) 

which are always negative and the singular point is a positive attractor. In 
Fig. 1 these properties of the system are depicted by plotting 16 trajectories, 
which have been calculated numerically, in the Qt, Qr plane. Figure 1 shows 
that there is an initial phase, where the concentration gradient Qr-Q,  
converges to its equilibrium value (the line appearing in Fig. 1), succeeded by 
an adjustment of the absolute concentration of Qr and Qt towards the singular 
point. Numerical solutions of the equations show that the initial phase is quite 
fast, while the second phase proceeds more slowly. The simplified system 
describes the initial spread of soluble tubulin through the neurite and growth 
cone, taking into account input and output, but disregarding the elongation of 
the neurite. It therefore describes the distribution of soluble tubulin during the 
initial phase of the outgrowth. 

3.2. Full, nonlinear model. To study the behavior of the model beyond the 
initial part of outgrowth, the elongation of the neurite has to be taken into 

5.0 

2.5 

0.0 
0,0 2.5 5,0 Qr 

Figure 1_ State space of simplified single segment model in which no changes in 
length appear. Shown are nine trajectories in the Q,, Qt plane, which start at the 
arrowheads, in the direction the arrowheads point to. The singular value of the 
system is denoted by a dot. The trajectories were calculated by solving the model at 

different initial values with the fourth-order Runge-Kutta method. 
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account. In search for a singular point, the null isoclines of the variables l u, Q~ 
and Q~ can be derived from equation (10): 

b 
From l. : Qt = -- (14) 

a 

D 
__ Qr~u + b  

From Qt: Q t -  D (15) 

~u + a  

I 
From Q,: ~ = ~  lu+Qt; (16) 

where the null isoclines are denoted by an overbar. To study if the null isoclines 
simultaneously intersect each other, equation (14) is equated to equation (15). 
If intersection is present, the following condition has to hold: 

- - D  

b QrC.+b 
a D 

~ + a  

which is fulfilled if: 

m D  

g b 
D a a 
c. 

Substituting for Q, and Q~ in equation (16) results in the following equation 
which has to hold if all null isoclines intersect in the same point: 

I b b 
I, + -a = -a (17) 

Because I u > 0, intersection of all null isoclines only occurs if I =  0. In all other 
cases there is no singular point in the system• 

To study the behavior in time of the variables Qr, Q~ and I u note that, if Qr 
and Qt are near their null isoclines, equation (15) reduces to: 
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- - D  

_ Z + b .  
Q, 

D 2D/l + a' 
1. + a  

where Q~ is substituted by equation (16). At large 1, this reduces to: 

- -  I+b 
lim Q t -  
l,, ~ oo a 

(18) 

This equation approximates Qt under the given conditions. Comparison of this 
equation with the null isocline calculated from (d/dt)lu [-equation (14)] shows 
that (d/dt)l, is expected to be positive when I >  0 and expected to be negative 
when I < 0 .  

The analysis of the constant-length linear system showed that its singular 
point is attractive. To describe the behavior of trajectories in the full model, in 
which there is no singular point when I ¢  0, we will call a null isocline of a 
certain variable attractive to its variable when the value of its variable will 
move into the direction of the null isoclinefor all values of the other variables. 
For example: the null isocline of Q~ is attractive forQt because for all values of 1 u 
and Q~ the value of Qt will go in the direction of Qt. Because the null isocline of 
Qt is expected to be of constant value at large l,, we expect Q~ to converge to its 
null isocline if (d/dt)lu > O. 

The approximation for the value of Qt in equation (18) will only hold when l, 
is large and Qr is near its null isocline. At I >  0 the value of (d/dt)lu is expected to 
be positive and a large value for l, will be achieved. However, Q~ will never be at 
its null isocline. Suppose that Q~ is on its null isocline, then (d/dt)Q~ = 0, but the 
value of the null isocline itself will increase because of its relation with l,. This 
observation demands a better approximation for the value of Qt, where Qr is 
not at its null isocline. 

In the search for the value of Qr in time, note that in the simplified constant 
length linear system the singular value is attractive. In the nonlinear system, the 
null isocline of Q~ depends on l, and will increase in value at increasing I,. Q~ 
will follow its attractive null isocline, but is not able to reach it, as outlined in 
the previous paragraph. This makes it worthwhile to express the movement of 
Qr relative to the movement of its null isocline, i.e. to study (d/dt)Qr - (d/dt)Q~. 
The time derivative of the difference between the value of the null isocline of Qr 
and the actual value of Q~ is given by: 

d - -  d I d  d d 
dt Q~-d t  Q~-D dt t" + dt Q ' - d t  Q*; (19) 

where Q~ has been replaced by equation (16) and where the derivatives can be 
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filled in from system (10). From our first approximation of Qt in equation (18) 
we expect Q, to be at its null isocline after some time, so, using equation (10): 

d Qt =0  and D dt ~ (Q~- Qt) = a Q t -  b = i; (20) 

where i an, unknown, constant. Then, equation (19) reduces to: 

d ~ _ d  I 
d-t ~ Q , = ~ i + i - I .  (21) 

The value of i at which Q~ would follow its null isocline at a fixed distance, that 
is (d/dt)Q r -  (d/dt)Qr= O, is give n by: 

I 
i - (22) 

I 
I + - -  

D 

Using this value for i in equation (20) gives an estimate for Q~ and a second 
estimate for the value of Q~: 

l u i+ b (23) Q ~ = ~ i + Q ~  and Q ' -  a 

Is there reason to expect Qr converging to this value? Indeed there is: if 
Qr > ilu/D + Q~ then (d/dt)Qr-(d/dt)Q~>O and Q, will diverge from its null 
isocline. If Q~ < ilJD + Q~ then (d/dt)Q r -  (d/dt)Q, < 0 and Qr will converge to 
its null isocline. Only if Q~ = ilJD + Qt it will follow its null isocline at a fixed 
distance. By substituting the value of Qt from equation (23) in equation (10) an 
estimate for the value of l~, in time can be derived: 

d 
d~ lu = i ~ lu(t ) = it + lu(0); (24) 

where lu(0 ) the microtubule length at t = 0. 

3.3. Numerical results. Summarized, the analytical results show that the 
tubulin concentration at the growth cone will converge to a constant value, 
while the concentration in the soma will linearly increase with time. Also the 
unstretched length of the microtubules, and thus the stretched length of the 
neurite, increases linearly with time. The linear elongation rate of the 
microtubules emerges because the tubulin concentration in the growth cone 
converges to a value larger than the value at which exactly no elongation would 
occur. The increasing tubulin concentration in the soma is caused by a 
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diffusional t ranspor t  rate, removing  tubulin,  which is lower than  the 
p roduc t ion  rate, adding tubulin.  

Numer ica l  solut ions of the system (Figs 2-4, Table 1) were calculated to 
verify the dynamics  of the model .  The phase plane of the variables Qr and  Qt 
(Fig. 3) is similar to the phase plan of the simplified system (Fig. 1). There  is a 
fast initial phase,  where soluble tubul in  is redis t r ibuted and  concent ra t ions  are 
adjusted,  but,  instead of converging to a stable equil ibrium, as in the simplified 

ptubuli length I o Tubuline concentration Q 

6o.o A o.s B 

40.0 

20.0 

0.0 

0.7 

0.6 

0.5 

~ 04  
0 25 0 5000 

Timesteps 

Qr 

q~ 

' 0' 2500 5 00 

Timesteps 

Figure 2. Evolution of the variables in time of the model with a single, unbranched 
segment. (A) Length of the unstretched microtubuli. (B) Concentration oftubulin in 

the tip (Q~) and root (Q,) of the segment. 

5,0 

2 5  

0,0 
0.0 2,5 5.0 Qr 

Figure 3. State space of the nonlinear single segment model. Shown are the variables 
Qr, Qr There are nine trajectories drawn, which start at the triangular arrowheads, 
in the direction of the triangular arrowheads. The trajectories were calculated by 
solving the model at different initial values with the fourth-order Runge-Kutta 
method. The arrowheads drawn in the last part of the trajectories denote the 

direction into which they will continue. 
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model, the nonlinear model is characterized by increasing Qr and I u (Fig. 2). 
The numerical solutions show that, as expected from the analytical results, the 
values for Qr and I u increase linearly in time, while the value for Qt converges to 
a constant value. 

The value to which Q, converges in the numerical solutions appeared to be in 
between the values given by equations (18) and (23), and closer to equation (23) 
than to equation (18). Thus, numerical solutions suggests Qt can be found in 
the interval: 

Ii+b 0.5(I+i)+bJ 
Qt  E , - -  - " 

a 
(25) 

after some time. Indeed, numerical calculations show that the interval in which 
Qt can be found is bounded by the analytical estimates (Fig. 4), but the interval 
increases with increasing I (Fig. 4a). As can be seen from equation (22), i f /<  D 
then i ~ I ,  and the interval in which Qt will be is small (Fig. 4b). Because Qt is 
not equal-to its estimates, Q, and l u are also not equal to the functions estimated 
in equations (23) and (24), but, the closer Qt to (i + b)/a,  the closer Q, and lu to 
their estimated functions. 

4. A Single Branch Point and Two Growth Cones. In the previous section only 
a single growth cone was present. If a neurite has branched once, two growth 
cones, and thus two microtubule assembly sites are present. The set of 

10.0 2.0 
A A 

Q, ' ~  ........ .$ Q, B 
8.0 .." .."" 

...... ii ....... 1.5 ~..~,,..~ ............ .& ............................. _.'~ ,.'" 

6.0 ^. .....-::::: .... ..... ~ 

..~:: 1.0 ,.:::,," 
4.0 ,,,,,,,,,,, .:::'" 

2.0 .."" 0.5 
.,~" 

0.0 , , , , , 0 . 0  , , , , , 

0.0 0.2 0.4 0.6 0.8 1.0 0.0 4.0 8.0 12.0 16_0 20.0 
I D 

Figure 4. Approximated and simulated value of Qt after 5000 time steps. (A) Values 
of Qt at different values for L (B) Values of Q t  at different values for D. (<5) Value 
expected from ( i + b ) / a  (connected by dots), (A)  value expected from 

[0.5(I+ i )+ b]/a (connected by dots), (-k) simulated value of Q~. 
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equations for this 
Section 2 and the reparameterization given in the previous section: 

situation is easily derived from the building blocks of 

d 
dt l"x = aQ1 - b 

d 
dt 1"2 = aQz - b 

d 
dt Q1 = 

d 
dt Q2 = 

b - a Q ,  + D 
l. 1 (Qb-  Q1) 

b -  aQ2 + D 
lu 2 (Qb-  Q2) 

D D D d 

dt Qb = 

d i D 
dt Qr= lu ° (Qr-  Qb); 

(26) 

where subscript 0 denotes the root segment, and subscripts 1 and 2 denote both 
daughter segments, subscript b denotes the branch point and subscript r 
denotes the root, or base, of tree at the soma. 

Numerical solutions of the model (Figs 5 and 6), using the parameter values 
from Table 1 for all segments and growth cones, indicate that the behavior of 
the model is the same as in the single growth cone model. The concentration of 

Tubulin concentration Q /~tubuli length I, 
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0.0 ~ 

0 2500 5000 
Timesteps 

0.8 

0.7 

0.6 

0.5 
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Figure 5. Evolut ion of the variables in time of the model  with a single branch point 
and two daughter segments. (A) Unstretched microtubule length of segment 1. (B) 
Concentrat ion of tubulin in the growth cone of branch 1 (Q 1), the branch point (Qb) 
and the root of the tree (Qr)- The length and concentration of tubulin in the growth 

cone of segment 2 are identical to segment 1. 
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tubulin in both growth cones converges to the same, constant, value, while the 
concentration at the base of the neurite is increasing. In addition to the single 
growth cone model, the concentration of tubulin at the branch point is also 
increasing in time. The elongation rate of both growth cones is constant and 
equal, positive when I is positive and negative when I is negative. 

Q1 1,2 0.0 

2 . ~  " ~ ,  Qr 

5,0 

2.5 
"'4 

0.0 

3.0 

5,0 
Qb 

Figure 6. State space of the nonlinear, one branch point, two terminal segment 
model. Shown are the variables Q1, Qb and Q,, while Q2 behaves exactly like Q1- To 
demonstrate the properties of the state space, four trajectories are drawn which start 
at the triangular arrowheads, in the direction of the triangular arrowheads_ All 
trajectories start at the same value for Q1, but the values for Qb and Qr differ. The 
trajectories were calculated by solving the model with the fourth-order Runge 
Kutta method. The arrowheads drawn in the last part of the trajectories denote the 

direction into which they will continue. 

Table 1_ Parameter values and ranges, and starting values and ranges of the 
variables used in the numerical solutions of the elongation models* 

Parameter Range Value Variable Range Starting value 

I ( - o o ,  oe) 0.01 Qt [0, oo) 0.5 
D [0, oo) 5.0 Qr [0, oo) 0.5 
a [0, oo) 0.1 1~ [0, co) 2.0 
b [0, oo) 0_05 

* The parameters are the parameters after reparametrlzation and their values were 
chosen to have a fast initial phase, where tubulin is redistributed, and a slower 
continuation. Because of the fast redistribution, the continuation phase meets the 
assumption of a linear gradient of tubulin in the neurite. 
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The nonlinear two-growth-cone model can also be simplified by taking lul 
and lu2 c o n s t a n t  and study the initial behavior of the model: 

d 
dt Q1 =b-aQ1 + Kx(Qb-- Q1) 

d 
dt Q2 = b -  aQ2 + K2(Qb-- Q2) 

d 
dt Qb = Ko(Q~- Qb)-- K~ (Qb - Q ~ ) -  K2(Qb- Q2) 

d 
dt Q'= I - K ° ( Q r -  Qb); (27) 

where subscript 0 denotes the root segment and subscripts 1 and 2 both 
daughter segments, Ki = D/lu~ i forj--0,  1, 2, the three segments. The numerical 
solution of the simplified model is shown in Fig. 7, and is very much like the 
initial part of the nonlinear model. The simplified model has a single 

0.0 QI 1.2 
2.4 " ~  Qr 

5,0 

2,5 

O. 

0.0 

5.0 
Qb 

Figure 7. State space of the simplified one branch point, two terminal segment 
model, in which no changes in length appear. Shown are the variables Q1, Qb and 
Q,, while Q2 behaves exactly like Q1- To demonstrate the properties of the state 
space, four trajectories are drawn which start at the triangular arrowheads, in the 
direction of the triangular arrowheads_ The singular point is denoted by a dot. All 
trajectories start at the same value for Q~, but the values for Qb and Qr differ. The 
trajectories were calculated by solving the model at different initial values with the 

fourth-order Runge Kutta method. 
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equilibrium, which is attractive for the parameter values used in the numerical 
solution. 

4.1. Interaction. While in the above description the parameter values of 
both growth cones were identical, differences in parameter values are to be 
expected in biological situations. When differences appear, the growth cones 
will interact with each other and can be expected to compete for free tubulin. 
The parameters for which differences between the growth cones can occur are a, 
b and D. Figure 8a-c shows the numerical solutions for l, of the model with 
different values for a, b and D for each of the two daughter segments. It appears 

/~tubuli length I~ 
6O 

A 

4O 

20 

0 

12 

I p 

2500 5000 
Timesteps 

#tubuli length l~ 
60 

[3 z2 

20 

0 ~ - ~  
0 2500 5000 

Timesteps 

#tubuli length Iv 
60 

C 11 

20 

0 ~ - ~ 
2500 5000 

Timesteps 

Tubuline concentration Q 
0.8 

D 
0.7 

0.6 O~ 

0.5 ( Q I Q 2  

0.4 i i 

0 10000 20000 
Timesteps 

Figure 8. Evolution of unstretched length in time when daughter segment 1 and 2 
differ in values of the parameters a, b or D. (A) Difference in D: D 1 = 5, D 2 = 20. (B) 
Difference in a: a l = 0 . 1 ,  a2=0.13.  (C) Difference in b: b1=0_05, b2=0.064. (D) 
Evolution in time of the concentration tubulin in the tips of both daughter branches 
(Q1 and Q2) and in the branch point  (Qb) with parameter a differing for the daughter 

segments: a I =0.1,  a2=0.13.  
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that differences in D do not have much influence on the elongation of the 
microtubules (Fig. 8a). The segment with the largest D is growing somewhat 
faster because of the greater transport rate of material into this segment. 

In contrast, small differences in a and b have a profound influence on the 
elongation of the microtubules. Figure 8b and c shows that one segment grows 
out, whereas the other one retracts and has a long delay in starting outgrowth. 
The duration of the retraction period depends on the differences between the 
values of a or b for the segments. The larger the difference, the longer the 
retraction period. At a critical difference, the retraction is complete, resulting in 
a segment of zero length and the segment disappears. 

The explanation for the retraction of one segment at differences in a and b 
can be found in the concentrations of soluble tubulin at various positions in the 
neurite. As shown by the analysis of equations (10) and (26), and by Fig. 8d, the 
tubulin concentrations converge to a constant value at the growth cones, while 
they keep increasing at the segment point and the base of the tree. During the 
initial part of outgrowth after branching, when both growth cones are near the 
branch point, the growth cone which elongates at the lowest tubulin 
concentration (with the smallest b/a, in Fig. 8b growth cone 2) will set its 
tubulin concentration and the tubulin concentration in the nearby branch 
point to a low value. The other growth cone (in Fig. 8b segment 1) needs a 
higher internal tubulin concentration for which (d/dt)l,>O. Because the 
growth cone at segment 2 sets the concentration in the branch point at a lower 
value than needed by the growth cone at segment 1 in order to maintain a 
positive elongation rate, the latter will retract. In the meanwhile segment 2 with 
the elongating growth cone keeps growing and the tubulin concentration at the 
branch point increases. At a certain moment  Qb > bl/ax, and Q1 > bl/a~. From 
this moment  on, segment 1 also starts elongating. These processes are 
visualized in Fig. 8b and d. 

5. Survival of Terminal Segments in a Symmetric Tree. Competition for 
soluble tubulin by growth cones with a slightly different assembly or 
disassembly rate will occur not only within trees having a single branch point, 
as shown in the previous section, but also in larger trees. To study the effects of 
competition within larger trees, we constructed symmetrical binary trees 
containing 16 terminal segments. For such trees, the equations governing the 
transport and assembly/disassembly of tubulin were constructed similar to 
equation (26). The values for the parameters and inital values were the same as 
for the previous numerical solutions (Table 1). The assembly rate a was given 
random variation and was determined by a uniform distribution on [ a -  0.25a, 
a+O.25a], where a was taken from Table 1. In this way, each growth cone 
acquired a different value for its assembly rate. The subsequent outgrowth of 
the tree constructed in this fashion was monitored by numerically solving the 
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equations governing transport  and (dis)assembly. A terminal segment was 
removed from the simulations when its l, < 0.01. The simulation was ended and 
the number of surviving terminal segments was counted when all terminal 
segments had a positive, constant elongation rate. 

According to equation (24), (d/dt)l, is equal to i, which is defined by 
i= I/(1 +l/D). Therefore, the production rate I is expected to determine the 
elongation rate, For this reason, the effect of competition for tubulin was 
studied in numerical solutions with varying I. The results of these numerical 
solutions are summarized in Fig. 9. When I = 0 ,  only one of the initial 16 
terminal segments survives. As expected from the results of Section 3, the 
numerical solution showed that the eventual elongation rate of the cytoskele- 
ton, and thus of the neurite, became zero. At very small values for I, there was 
also a single terminal segment left, but there was a small positive elongation 
rate for the surviving terminal segment. Between I=0.01 and I=0 .1  the 
number of surviving terminal segments increased from 3 (=  18.8% of initial 
number) to 16 (=  100% of initial number) (Fig. 9). These results indicate that, 
at low production rates of tubulin, competition for resources results in the 
retraction of many segments. Neurons with a high production rate will thus be 
able to sustain larger, more branched neuritic trees, compared to neurons with 
low production rates. 

6. Discussion. We could show a number of interesting phenomena in a 
mathematical model for neuritic outgrowth based on: (1) a constant tubulin 
production at the soma, (2) tubulin transport based on diffusion, (3) linear 
assembly/disassembly kinetics of tubulin at the tips, and (4) elastic stretching of 
the neurite. First of all, the model revealed a constant elongation rate for 
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Figure 9_ N u m b e r  of surviving terminal  segments in a symmetric,  b inary  tree which 
star ted with 16 terminal  segments,  as a function of tubul in  p roduc t ion  rate I. 
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cytoskeleton and neurites, which does not depend on the length of the neurite. 
In tissue culture a constant migration rate for growth cones, and thus a 
constant elongation rate of the trailing neurite [-e.g. Bray (1973), Haydon et al. 
(1987) and Van Veen et al. (1993)] and a constant elongation rate of 
microtubules (Verde et al., 1992) have often been observed. The model predicts 
exactly the form of the functions describing tubulin concentrations, micro- 
tubule length and neurite length in time but not the absolute values, due to the 
scaling of the model parameters by V (see Section 3). 

Second, the model is able to account for retraction of segments [as observed 
by Speidel (1941)] and strong delays in outgrowth for one of the daughter 
segments after branching [as observed by Bray (1973)]. Such a "dormant 
growth cone" appears in the model at differences in assembly or disassembly 
rate of about 30%. In larger trees, the number of maintainable segments is 
positively related to the production rate of tubulin. The larger the production 
rate, the larger the number of terminal segments a tree can maintain. 

The model assumes that tubulin does not break down, an assumption based 
on the very long half-lifes of more than 30 hr that have been reported for 
tubulin (Cleveland et al., 1981). A tubulin break down rate would amend the 
dynamics of the model at two points. First, the apparent assembly rate will be 
slightly smaller, because some of the tubulin in the growth cone is broken down 
before it can be polymerized. Second, the apparent transport rate will be 
slightly smaller, because some of the tubulin under transport is broken down. 
Because of the long half-life of tubulin, these amendments will be very small. 

Buxbaum and Heidemann (1988, 1992) and Dennerl et al. (1988) 
conjectured that the microtubules are compressed instead of stretched, 
although the neurite as a whole is stretched (Dennerl et al., 1989; Lamoureux et 
al., 1989; Zheng et al., 1991). We like to emphasize that the question whether 
microtubules are compressed or stretched does not change the conclusions of 
the present paper. When the microtubules are compressed, the value of k in 
equation (8) is smaller than 1, while when the microtubules are stretched k will 
be larger than 1. The value of k is reflected in the value of D, and the effect of D 
on the behavior of the model is described in the above. What is assumed in our 
model is a constant value for k, expressing that microtubules do not switch 
from compression to stretching at a constant neuritic length. 

The (dis)assembly rates need not, as assumed in the model, be constant in 
time, because free calcium affects these rates. Free calcium destabilizes 
microtubules and induces disassembly (Dustin, 1978; Soifer and Mack, 1984; 
Amos and Amos, 1991). The destabilizing effect of free calcium is of interest 
with respect to the termination of neurite outgrowth. The rate of elongation in 
the present model is expected to decrease if a neuritic tree becomes more 
extensively branched, because the tubulin production in the soma has to be 
divided over a larger number of growth cones. However, the elongation rate 
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will never become zero. It might be that cellular contacts are important  in 
stopping outgrowth. After some time, outgrowing neurons will contact each 
other, establish synaptic contacts and become electrically active. By electrically 
stimulating neurons Patel et al. (1985), Cohan and Kater (1986) and Fields et 
al. (1990) were able to stop outgrowth and even observed retraction of some 
neurites. If neurons become electrically active, the average internal free calcium 
concentration will increase (Kater et al., 1988; Parnas and Segel, 1980). As 
argued above, such an increase in free calcium would increase the disassembly 
rate to the assembly rate, thereby stopping outgrowth, as observed in tissue 
culture (Kater and Guthrie, 1990; Kater and Mills, 1991). 

In the present model the cessation of outgrowth at elevated calcium 
concentrations is only transient, because (d/dt)l~ ~ i  after some time and i>  0 
for I >  0. To stop elongation, i has to be set equal to 0. One way to achieve this is 
to set the D for the affected segments to zero. Another possibility is to assume 
that the tubulin production rate I drops to zero. The cessation of the tubulin 
production could be mediated by the soma concentration of tubulin. Ben Ze'ev 
et al. (1979) provided evidence that soluble tubulin downregulates the tubulin 
production: drugs that disassemble microtubules into soluble monomers cause 
a cessation of the tubulin production, while drugs that disassemble micro- 
tubules into insoluble aggregates produced even a slight increase in production 
rate. Cleveland et al. (1981) provided evidence that a high concentration of 
soluble tubulin shuts offthe synthesis of tubulin mRNA in the soma. Because of 
the short half-life of tubulin mRNA (1-2 hr), the production of tubulin will stop 
soon after the synthesis of mRNA has been stopped. If, in the model, the 
disassembly is enhanced over the assembly at the tips by influx of free calcium, 
the tubulin concentration in the growth cone will increase and the tubulin 
concentration at the soma will increase at a fast rate. As soon as the tubulin 
concentration in the soma inhibits the production ofmRNA, the production of 
tubulin is lowered and eventually stopped. 

The results from Section 5 of this paper pinpoint a problem with a feedback 
mechanism on Ia t  the soma: at low production rates there is only one surviving 
terminal tip. In order to make the proposed feedback mechanism work, it is 
necessary to stabilize the microtubules in the neuritic shaft at the time contacts 
with other cells are made. Indeed, there is evidence that the microtubules in the 
neuritic shaft are much more stable than the newly formed ends of 
microtubules. Important  factors in stabilization are microtubule-associated 
proteins (MAPs) (Riederer, 1991; Amos and Amos, 1991). During develop- 
ment, the composition of MAPs changes (Matus, 1988) and the transition from 
a juvenile set to an adult set of MAPs correlates well with the increasing 
stability of the microtubules during maturat ion (Matus, 1988; Baas et al., 1991; 
Lee and Rook, 1992). 

From the above, an image emerges of a neuritic tree which grows out until 
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one of the growth cones becomes electrically activated, thereby allowing 
calcium to flow in. The b/a value of the growth cone then increases and causes it 
to retract until it meets the stabilized part of the microtubules (where b is very 
small). Since this is a local process, other segments can continue to grow. If all 
tips of the neuritic tree are electrically stimulated, they will all retract to the 
stable part of their microtubules. The result is that  the soluble tubulin 
concentration in the soma will increase until it switches off its production. 
When electrical activity is eliminated from a certain tip, for example because 
the cell innervating it dies, the calcium concentration within that tip will be 
lowered, the b/a value decreases and the tip resumes outgrowth until it 
encounters a source of electrical activity. An outgrowth pattern as described 
here is observed in the retina (W/issle et al., 1981; Perry and Linden, 1982): 
dendrites of ganglion cells in the retina compete for space and grow out until 
they meet the dendritic field of another ganglion cell, at which point growth is 
stopped. When ganglion cells are lesioned at a particular locus, the other 
ganglion cells will extend much longer dendrites into the empty area than into 
the area containing other ganglion cells (Perry and Linden, 1982). 
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